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“We will someday be the ancients,
and we can choose what that will mean.”
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“If you want common knowledge to be true,
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1

Chapter 1

General introduction

Aquaponics combines production of aquatic species (aquaculture) with soilless plant
production (hydroponics) (Fig. 1.1).

This thesis investigates the dynamics of water and nutrient balances in aquapon-
ics, through the development of mathematical models supported by demonstration
aquaponic systems. The studies presented in this thesis aim at improving our under-
standing of aquaponics, towards an efficient use of resources. A knowledge-based
approach for the implementation of aquaponics can contribute to the transition from
centralized, market-oriented global food trade structures, towards local, resource-
efficient and sustainable food production systems.

The present chapter is a general introduction to the thesis, which provides:

• A brief summary of the current context of food production systems, their lim-
itations and negative impacts.

• An explanation of aquaponics as a sustainable alternative towards local food
production.

• The role of mathematical models in the development of aquaponics.

• The objective and research questions of this thesis .

FIGURE 1.1: In aquaponics, water rich in nutrients from aquatic species is reused
to fertilise plants, which in turn help cleaning the water for the aquatic species.
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1.1 Background. Global context of food production

The rise of industrial agriculture provided the means for an increase in the share of
global urban population, from less than 10% in 1800, to 13% in 1900, to 50% in 1950,
exceeding the halfway mark for the first time in 2008, and with a predicted 60% by
2030 (Sachs, 2008).

However, migration from rural to urban areas has not only been motivated by
rising farm productivity or better quality of life in cities, but also by poverty and
hunger in the countryside (Sachs, 2008). As a result, the global context of food pro-
duction involves large inequalities and external impacts which remain unsolved.

This section elaborates on the aforementioned impacts, based on food produc-
tion and trade, water use, and fish production.

1.1.1 Food production and trade

Since the 1940s, industrial agriculture was seen as a technology that would allow
to feed a rapidly growing population around the world. Therefore, agricultural de-
velopment policies have focused on monoculture, investing in high potential areas,
mechanization, irrigation and crop specialization, with a special interest on mar-
ketable and export crops, all part of the so-called green revolution. While these
technologies have lifted a large part of the world population from hunger and star-
vation, they have has also led to the rise of food dependence (Brown, 2001) (see
Table 1.1).

Furthermore, recent studies show that previous projections for food security
based on industrial agriculture were often overly optimistic (Grassini et al., 2013).
Common projections of exponential growth in food production are not feasible be-
cause farm yields eventually reach biophysical limits. Instead, historical linear growth
trends have been observed. Past increases in production were driven by the adop-
tion of green revolution technologies, such as high yield crops, pesticides, and fer-
tilizers; all one-time innovations, which means that the production increase in a
specific land cannot be repeated. Evidence also indicates that production growth
has reached a plateau for rice, wheat and maize in areas that account for 31% of the
global production.

Additionally, wide-spread implementation of industrial agriculture has resulted
in several environmental (Table 1.2) and social (Table 1.3) impacts.
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TABLE 1.1: Grain production and export [Mt].
The largest exporters (world grain suppliers) are also some of the largest producers,

reflecting the global food dependence on a few regions. Data from USDA (2018).

Corn Milled rice Wheat

Prod. Export Prod. Export Prod. Export

World 1075.2 141.7 World 486.2 47.7 World 750.5 182.2
US 384.8 55.5 China 145.0 1.2 EU 145.2 27.3
China 219.6 n.a. India 109.7 12.3 China 128.8 n.a.
Brazil 98.5 19.8 Indonesia 36.9 n.a. India 87.0 n.a.
EU 61.5 2.2 Bangladesh 34.6 n.a. Russia 72.5 27.8
Argentina 41.0 23.0 Vietnam 27.4 6.5 US 62.8 29.5

Thailand 19.2 11.6 Canada 31.7 20.2
Myanmar 12.7 3.4 Australia 30.4 22.1
US 7.1 3.4
Pakistan 6.9 3.6

TABLE 1.2: Environmental impacts from industrial agriculture.
Information from Langer (1996), FAO (2011), Clay (2013), Penagos et al. (2003),

Smith et al. (2014), Khoury et al. (2014), and Breitburg et al. (2018).

Impact Details

Greenhouse gases (GHG) - Largest emitter of GHG
(5.0 - 5.8 Gt CO2-eq yr−1 in 2000-2010).

- 56% of global anthropogenic non-CO2 greenhouse gases,
35% of which are from animal enteric fermentation.

Land use and soil - Accounts for 11% of the land, displacing natural habitats.
(60% of agricultural land used for fodders and pastures)

- Decreased nutrient availability in soil.
- Erosion and compaction.

Fresh water - Agricultural runoff pollutes freshwater sources and coasts:
· Estrogen in water mainly originates from livestock waste.
· O2 levels in coastal waters decrease.

Biodiversity - Monoculture practices alter insect population:
· Increased densities of herbivores
· Decreased densities of predators and parasitoids

- Reduced genetic diversity of crops,
with less ability to defend from pests

- Marine and freshwater species damaged by
runoff and its consequences.
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TABLE 1.3: Social impacts from industrial agriculture.
Information from Kearney (2010), Khoury et al. (2014), and FAO (2011).

Impact Details

Food security - Increased food dependence, a potential threat to food security

Dietary diversity - Globally homogeneous food supply.
· National supply richer in calories, but with poorer local diversity.

- Agricultural runoff pollutes freshwater sources and coasts:

Health - Increased proportions of energy-dense, but nutrient-poor foods
- Rising rates of obesity and cardiovascular disease

Inequality - Policies benefited farmers with land and water.
- Small producers locked in poverty trap.

1.1.2 Water use

Agriculture accounts for 70% of all water withdrawn from aquifers, streams and
lakes (FAO, 2011). This water is often contaminated by plant protection products
and nutrient run-off from fertilizer, which have large negative impacts on fresh and
marine water biodiversity (Clay, 2013). These impacts are exacerbated by the low
investment in vulnerable regions, where poverty and food insecurity are prevalent,
and the risk of water and land degradation is high (FAO, 2011).

Hoekstra and Mekonnen (2012) estimated the ground and surface water foot-
print of national consumption per capita. They found that many industrialized coun-
tries, particularly in Northern Europe, have a large share of external footprint, i.e.
they mainly consume products that require water in their production process else-
where (Fig. 1.2). From the global water footprint, 24% was estimated to be meant for
export. From those virtual water exports, 91% was related to trade in agricultural
products.

The water footprint between Mexico and US illustrates the complexity in the
distribution of agricultural impacts in the context of global trade. Mexico stands
out as the largest virtual water importer in the world, which can be explained by
the trade of manufactured goods. The water footprint was estimated for the period
1996-2005. In 1994, the North America Free Trade Agreement (NAFTA) was imple-
mented. From 1994 to 2007, the US trade balance with Mexico decreased from 1.3
(net exporter) to -74.6 billion USD (net importer) (Palley, 2009). Maquila industries
in Mexico grew largely in the years soon after the implementation of NAFTA, fre-
quently importing raw materials from US, exporting the manufactured products to
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the US, and even importing back brand products. (Buitelaar and Pérez, 2000). 1

Though extensive, the water footprint estimation by Hoekstra and Mekonnen
(2012) was limited to tracing the origin of products by one step. However, the com-
plexity of global agricultural trade makes it very difficult to locate and identify the
origin and end result of impacts on water and the associated nutrient flows from
production and discharge of fertilizer.
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FIGURE 1.2: Water footprint of selected countries, indicating their external share.
Elaborated with data from Hoekstra and Mekonnen (2012).

1.1.3 Fish production

Even small quantities of fish have a positive nutritional impact on plant-based di-
ets. It provides benefits against cardiovascular disease and can correct unbalanced
diets, countering obesity. Furthermore, fish and crustaceans are the most efficient
protein producing animals for human consumption (Table 1.4) (Brown, 2001). In
2013, fish consumption constituted 17% of animal protein intake and 6.7% of total
protein intake. Annual per capita consumption of fish has grown steadily in de-
veloping and low income countries, lowering the gap with industrialized countries
(FAO, 2016). Therefore, fish constitutes an option for the shift in sources of protein
to more sustainable options (known as the protein transition).

However, by 2013, 31% of the global fish stocks were overfished, and only 10%
of the underfished stocks are able to support increased harvesting (FAO, 2016). The
ten most productive species account for 27% of fisheries production, but most of
their stocks are fully fished, with no possibility for reproduction. Regions like the

1Maquilar is a verb in Mexican Spanish that means ’the action of importing raw materials to
process and export them’.
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Mediterranean and the Black Sea experienced a production drop by one third since
2007.

As an alternative, aquaculture has increased since the 1980s (FAO, 2016). In
2014, the contribution of aquaculture for human consumption surpassed that of
wild-caught fish. World aquaculture production of fish accounted for 44% of total
production (including non-food uses). However, aquaculture production is already
experiencing centralization, with China, Indonesia and India accounting for 75% of
global production (Table 1.5). China alone accounts for 61% of global aquaculture.

TABLE 1.4: Protein efficiency (feed conversion ratio) in animal production.
Data from Brown (2001).

Feed conversion ratio (FCR)
[kg-feed per kg-weight gain]

Cattle 7
Pig 4
Chicken 2
Fish < 2

TABLE 1.5: Aquatic animal production from capture and aquaculture [Mt]
(including non-food production). Data from (FAO, 2016)

Marine
capture

Inland
capture

Aquaculture Total
Aquaculture
contribution

(%)

World total 81.545 11.896 73.784 167.225 44.1
China 14.811 2.295 45.469 62.576 72.7
Indonesia 6.017 0.420 4.254 10.691 39.8
US 4.954 0.000 0.426 5.380 7.9
Russia 4.001 0.225
Japan 3.630 0.657 4.287 15.3
Peru 3.549
India 3.419 1.300 4.881 9.600 50.8
Vietnam 2.711 0.208 3.397 6.316 53.8
Myanmar 2.702 1.381 0.962 5.045 19.1
Norway 2.301 1.333
Chile 2.175 1.215
Philippines 2.137 0.214 0.788 3.139 25.1
R. of Korea 1.719 0.000 0.480 2.199 21.8
Thailand 1.560 0.210 0.935 2.704 34.6
Malaysia 1.458 0.276
Mexico 1.396
Morocco 1.350
Spain 1.104 0.282
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In 2014 and 2015, the EU was the largest single market for fish imports, but aqua-
culture accounted for less than 1% of its fish production (except Norway).

The rise of industrial-scale aquacultural production has raised awareness on its
environmental and social impacts. Marine and coastal aquaculture (extensive, open
systems) have effects on water quality and increased antibiotic resistance in their
immediate environment (Yeats et al., 2005; Armstrong et al., 2005). In particular,
farmed salmon has been reported to contain environmental and antibiotic contam-
inants in concentrations higher than wild salmon and other farmed species like
tilapia and shrimp (Hites et al., 2004; Hamilton et al., 2005; Van Leeuwen et al.,
2009).

Inland aquaculture, particularly in recirculating systems (intensive, closed sys-
tems), provides ways to control water quality, decrease exposure to environmen-
tal contaminants, and therefore decrease the use of antibiotics. Recirculating water
leads to accumulation of waste. Therefore, technologies for management and reuse
of waste from aquaculture are implemented and in continued development (Tim-
mons and Ebeling, 2010).

In summary, industrial agriculture based on global trade is not sustainable. Cur-
rent production methods are reaching biophysical limits and they result in large
water use, nutrient waste, environmental impacts and social costs that are often ex-
ternalized to vulnerable regions. Therefore, sustainable alternatives for local food
production are necessary. These alternatives should aim at lower water and nutri-
ent use, with decreased environmental impacts, while maintaining and improving
present nutritional and social opportunities for the communities involved. One such
alternative is aquaponics.

1.2 Aquaponics

Aquaponics is a technology that combines production of aquatic species (aquaculture)
with production of plants without soil (hydroponics). In an aquaponic system, nu-
trients in the excretions of aquatic species help fertilizing plants, and the nutrient
uptake by plants helps improving water quality for the aquatic species.

Scientific research on aquaponics was introduced in the 1970s. Wastewater treat-
ment technologies were tested at inland fish farms to improve water quality in the
fish tanks. In the same decade, plant production using discharge from municipal
and industrial waste-water was being tested, aiming for improved nutrient recov-
ery (Naegel, 1977). It was then proposed to use hydroponics as a means to recover
nutrients from discharged recirculating water in fish farms (Naegel, 1977; Lewis et
al., 1978).
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The principle of aquaponics, however, is not new. Combining aquatic species
and horticulture to benefit from the nutrient cycles in nature has been long known,
for example, as rice fields with fish culture in South-East Asia (Coche, 1967), and
chinampas by the Aztecs (Turcios and Papenbrock, 2014).

Home-scale aquaponics started growing during the 1990s, with a focus on self-
consumption of fish and plants. These home-scale systems have a low-cost approach
and benefit from recycled components, requiring little monitoring and maintenance.
Early commercial enterprises were based on selling aquaponic kits (Bernstein, 2011).

To this day, aquaponics remains largely a home-scale technology, with 70% of the
commercial systems made by self-construction or pre-manufactures kits. Profitabil-
ity in aquaponics largely depends on diversifying revenue by providing services
and training. Plants are the main source of revenue, probably due to the higher
biomass conversion ratio and growth rates, allowing for multiple plantings in the
same year. In the US, plants commonly grown include basil and other herbs, salad
greens, lettuce, kale and tomato, with median production ranging from 45 to 226
kg yr−1. Fish commonly grown include tilapia, ornamental species and catfish, with
median production ranging from 23 to 45 kg yr−1. The average of aquaponic system
size is 0.01 ha with 10,300 L in water volume (Love et al., 2015).

Scaling up aquaponics for commercialization presents several challenges for de-
sign, monitoring and maintenance. The main challenge consists in balancing op-
timal conditions required by multiple species: aquatic organisms, plants and ben-
eficial micro-organisms (Suhl et al., 2016). To overcome this challenge, decoupled
aquaponic systems have been proposed, consisting of two separate recirculating
water loops (Fig. 1.3) (Kloas et al., 2015). The production loop for fish operates in-
dependently from the production loop for plants. In this way, each loop can operate
with its optimal conditions, implementing technologies that have proven commer-
cial success. Nutrient-rich water from fish can be supplied to the plants continu-
ously or at selected times, reducing fertilizer requirements. Similarly, water from
the plants can be recovered and supplied to the fish, reducing water demand.

1.2.1 Recirculating aquaculture systems (RAS)

RAS produce aquatic species by (partially) reusing water after treatment, allowing
for a controlled environment with predictable growth rates and harvesting sched-
ules (Timmons and Ebeling, 2010).

Current RAS operate with 0.1 - 1.0 m3 water per kg feed. New technologies used
in ’next generation’ RAS could decrease water use even further (Verdegem et al.,
2006). Generally, an inland RAS consists of units for: 1) culture, 2) solids removal
and 3) biological filtration (Timmons and Ebeling, 2010).
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FIGURE 1.3: Comparison of coupled and decoupled aquaponic system
configurations. The coupled configuration (A) has a single water circulation loop
for fish and plants. The decoupled configuration (B) allows for operating the fish
and plants loops independently, with their own optimal conditions, and water is

exchanged between loops in a controlled way.

Culture units. These consist of fish tanks or raceways. Different geometries
are available, but circular tanks are preferred because they improve water mixing
and solids removal when compared to plug flow tanks (Summerfelt et al., 2004).
Using dual drain tanks can further increase solids removal, with one bottom centre
drain for solids and one main elevated drain (Summerfelt et al., 2000). Continuous
production strategies are preferred over batch production, because they keep the
RAS just below its maximum carrying capacity (Timmons and Ebeling, 2010).

Solids removal units. Solid waste consists mainly of faeces and uneaten feed.
It can be removed by gravity sedimentation or by filtration. Common sedimenta-
tion units are settling tanks, which are inexpensive but require high residence times
(low flow rates or high volume), and have poor removal efficiency of small solids.
Common filtration units are microscreen filters, such as drum filters, which require
minimal labour and small volume, and can operate at high flow rates. Filtration
followed by settling has been reported to increase removal efficiency (Cripps and
Bergheim, 2000).

Biological filtration units. Fish excrete nitrogenous waste products through
gills, urine and faeces. Ammonia is particularly toxic for fish, and therefore must
be removed from the recirculating water. This removal is accomplished in a biolog-
ical filter, where aerobic autotrophic bacteria oxidise ammonia to nitrite and then to
nitrate (nitrification) (Timmons and Ebeling, 2010). Biofilters operate by maximizing
the surface area that facilitates nitrification. Common types of biofilters are trickling
towers and moving beds.
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Other processes in RAS include aeration, using equipment like U-tubes and aer-
ation cones; and disinfection, using UV or ozone (Timmons and Ebeling, 2010).

Research on ’next generation’ RAS studies additional processes for waste man-
agement, before discharging water to the environment. Examples include denitrifi-
cation in anaerobic reactors, to convert nitrate into gaseous nitrogen; sludge thick-
ening technologies like geotextile bags (Martins et al., 2010); remineralization to re-
cover insoluble organic nutrients using an upflow anaerobic sludge bed (UASB)
reactor (Goddek et al., 2016); and, last but not least, reusing nutrients recovered as
fertilizer in aquaponics, the subject of this thesis.

1.2.2 Greenhouse hydroponic horticulture

Hydroponics is a technique for plant production without soil. 1 Experiments during
the 19th century proved that plant growth can be achieved from nutrient solutions
in water without soil, with or without a medium. From those experiments, it was
concluded that some elements are required in large amounts (macronutrients): ni-
trogen, phosphorus, potassium, sulphur, calcium, and magnesium. Further exper-
iments helped identifying elements required in smaller amounts (micronutrients):
iron, chlorine, manganese, boron, zinc, copper, and molybdenum (Resh, 2016).

Knowledge on plant nutrition remained within scientific research until the 1920s,
when the greenhouse industry gained interest in hydroponics to reduce costs re-
sulting from periodic soil replacement due to problems with its structure, fertility
and pests. In the 1930s, Gericke coined the term hydroponics, from Greek hydro
(water) and ponos (labour). The development of plastics and the implementation
of automation technologies, helped the commercial development of hydroponics.
Hydroponic culture in greenhouse conditions can have yields 25% higher than soil
greenhouse culture, and 10 times higher than outdoors soil culture (Raviv and Li-
eth, 2007; Resh, 2016). For example, greenhouse tomato production reaches 50-
80 kg m−2 yr−1 with water use of 12-20 L kg−1 tomato, compared to field tomato
production at 3-8 kg m−2 yr−1 with water use of 60 L kg−1 (Kelley et al., 2010; Neder-
hoff and Stanghellini, 2010).

Generally, a greenhouse hydroponic system consists of: 1) water source, 2) irri-
gation, and 3) mixing tank.

1Many hydroponic methods require some type of medium, so they can be referred to as ’soilless
culture’, whereas water-only culture would be true hydroponics. In this thesis, the term hydropon-
ics is used interchangeably with the broad range of soilless plant production.
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Water source. Common sources include rainwater, surface water and ground
water. The main consideration is salinity, measured as electrical conductivity (EC).
Desirable EC is less than 0.5 mS cm−1 (Sonneveld and Voogt, 2009). Sand filtration
is often used to achieve desired water quality. Desalination of sea water has been
tested in research, but its cost is still very high for commercial implementation (Ra-
viv and Lieth, 2007).

Irrigation. Multiple techniques are available to carry the nutrient solution to the
roots of plants. Sprinklers apply irrigation from overhead installations, facilitating
movement of vehicles and persons. Drip irrigation is the most common technique
and it allows for uniform pressure distribution. Nutrient film technique (NFT) pro-
vides a thin layer of water continuously in contact with the roots without using
substrate, it provides ease of control but it lacks a buffer and has a potential for
spreading root-borne disease. Raft or deep water culture (DWC) operates as NFT
with the added benefit of a large buffer to prevent nutrient and temperature fluc-
tuations. Aeroponics supplies water to the roots of suspended plants by spraying.
Ebb and flow systems irrigate by repeatedly flooding and draining container-grown
plants. Small systems for grass, sprouts and microgreens consist of manually ir-
rigated trays on shells or automatically irrigated rotating drums (Raviv and Lieth,
2007; Resh, 2016).

Mixing tank. Stock tanks supply controlled amounts of highly concentrated fer-
tilizer into a mixing tank, where they are diluted with fresh water to a desired con-
centration. If recirculated, reuse water is also received in this tank. Commonly, EC
is used to determine the levels of the desired nutrient mix, but some nutrients may
accumulate over time and they need to be removed from the recirculating water
using techniques like reverse osmosis (Raviv and Lieth, 2007).

Other processes in greenhouse horticulture include water filtration and disinfec-
tion, using processes like heating, UV radiation, and chemical treatment (Sonneveld
and Voogt, 2009).
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1.3 Mathematical models in aquaponics

As mentioned in the previous section, the main challenge in aquaponics consists
of balancing the needs of multiple organisms, present in the aquaculture and hy-
droponic loops. Experimental studies alone would be too costly and potentially
harmful for the welfare of the aquatic species. Therefore, mathematical models are
a suitable tool to improve the knowledge of aquaponics. Mathematical models pro-
vide a surrogate for the system they represent, useful when the system does not exist
yet or when specific experiments on an existing system would be costly, dangerous,
or ethically unacceptable (Birta and Arbez, 2013).

Scientific literature on mathematical models for aquaponic systems is limited,
but it has grown in recent years. For example, Forchino et al. (2017) investigated
the environmental impacts of two coupled aquaponic systems with different plant
growing methods, using a model for Life Cycle Assessment (LCA). Goddek et al.
(2016) and Karimanzira et al. (2016) performed model-based studies to investigate
the dynamics of water quality and nutrients like N and P, using system dynamics
and mathematical models for system components available in literature. Cerozi and
Fitzsimmons (2017) investigated balances of dissolved P in an aquaponic system,
based on a model supported by experimental measurements. Goddek and Keesman
(2018) performed a model-based study to investigate the potential of desalination to
improve N utilization in decoupled aquaponic systems. Goddek and Körner (2019)
developed a detailed model describing the different dynamics of the components
and evaluating performance on yield, energy, N and P utilization on three scenarios
for different locations in the world. Several of these studies discuss the need to
evaluate detailed nutrient dynamics and uptake in future research.

In order to further improve aquaponic systems, it is necessary to improve the
knowledge on the dynamics of all macronutrients 1, which constitute the building
blocks for fish and plants. Some nutrients, like N and P, are often studied, because
they are excreted in abundance by fish, and constitute an important potential for
reuse as fertilizer for plants, However, other nutrients, like Na and Ca, are rarely
investigated in fish wastewater because they present no harm for fish, but they
are potentially harmful for plants. Understanding the macronutrient dynamics in
aquaponics is an essential step towards the identification of opportunities and bot-
tlenecks in the exchange of water between fish and plants.

1The term ’macronutrient’ often refers to the main food components: carbohydrates, protein
and fat. In this thesis, the term is used to refer to the elements found in greater concentrations on
both fish and plants: C, N, P, K, Ca, Mg, and Na.
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However, the complexity of aquaponic systems in particular, and all biological
production systems in general, presents challenges for model development. Data-
driven models (black box approach) can be easily calibrated, but they lack robust-
ness. Complex physiological models (white box approach) can describe diverse sys-
tem conditions, but they have a large number of parameters, and are thus difficult
to calibrate. Therefore, it is often suggested to combine experimental measurements
with mathematical models (grey box approach). Combining live in-situ measure-
ments with mathematical models is the basis of precision farming (Føre et al., 2018),
aimed at providing resources at the time and place required, leading to improved
productivity and better animal welfare.

Additionally, biological systems often involve large uncertainties. It is therefore
recommended to provide a transparent representation of these uncertainties on each
level of a model (Uusitalo et al., 2015). However, as yet, limited attention has been
given to quantify the uncertainties in aquaponic systems.

This thesis investigates water and nutrient balances and their uncertainties in
decoupled aquaponic systems, through the development of mathematical models.
It studies tomato and tilapia. Combining these products in a single loop is not ideal,
due to significant differences between their requirements for water quality and en-
vironmental conditions. However, the knowledge from independently successful
commercial systems, together with experimental data from literature and a demon-
stration site, provide a sound basis for the design and management of aquaponic
systems. The models were based on the decoupled configuration proposed in the
project INAPRO.

The mathematical models in this thesis were developed using the following ap-
proaches:
System dynamics. The models are described by a set of differential equations and
supporting algebraic equations.
Semi-physical. Model development combines the mathematical description of gen-
eral physical processes with experimental data (grey box).
Modularity. Each unit of the aquaponic system is represented as a module, with its
own system of equations and corresponding solution.
System-level scale. The model description focuses on system behaviour, neglecting
spatial variations and molecular transport phenomena.
Deterministic (with stochastic elements). The models predict single trajectories for
each output, but they account for uncertainties.
Sequential. The results from one module are used as inputs for the next module
in series (solved one-by-one). Feedback loops and their impacts are considered, but
they are not used for the numerical solution.

http://www.inapro-project.eu/docs/INAPRO_Illustration-1116small.pdf
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This thesis will by no means offer a complete solution for understanding the
dynamics of nutrients in aquaponic systems, but it provides a few insights into the
intricate processes involved in the technological application of the cycles present in
nature.

In summary:

• Industrialized food production has led to centralization and dependen-
cies, threatening food security, while externalizing environmental and
social impacts.

• Aquaponics is an option for sustainable local food production.

• The main technical challenge in the development of commercial
aquaponics consists in balancing different optimal requirements for mul-
tiple species.

• Decoupled aquaponic systems facilitate the operation of fish and plant
loops independently, under their own optimal conditions.

• Aquaponic systems are complex and uncertain. Mathematical mod-
elling and simulation combined with experimental measurements can
help further developing this technology.

1.4 Research objective

As mentioned in the previous section, there is increasing research on mathematical
models for aquaponic systems. However, there are limited studies regarding the
dynamics of nutrients, especially accounting for uncertainties.

Therefore, the objective of this thesis was to investigate the dynamics of water
and nutrient balances in aquaponics and their uncertainties, addressing the follow-
ing research questions:

1. What are the opportunities, challenges, and possible solutions in closing cycles
of water and nutrients in decoupled aquaponic systems?

2. What are the challenges and possible solutions in modelling nutrient balances
and their uncertainties for aquaponics?

These questions guide the studies presented in the chapters that follow.
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1.5 Contents of this thesis

This thesis is divided in six chapters (Fig. 1.4). Chapters 1 and 6 provide a gen-
eral introduction and general discussion. Chapters 2 through 5 consist of research
studies.

Chapter 2. Model of an aquaponic system for minimised water, energy and ni-
trogen requirements. This chapter presents a model-based study coupling a RAS
for tilapia with and an NFT hydroponic system for tomato. The simulation results
show that fish can provide 26% of the N requirements for plants. Furthermore, it
is shown that variations in NO3 concentrations in the fish loop can be decreased by
35%, using a water management strategy that sends water from fish to plants based
on a schedule and amounts proportional to the fish feed.

Chapter 3. Model-based management strategy for resource efficient design and
operation of an aquaponic system. This chapter presents a model-based study
supported by a demonstration aquaponic system in Abtshagen, Germany. The model
helped identifying imbalances in the system design. It predicted excess concentra-
tions of total suspended solids (TSS) for fish, as well as excess Na, Ca, Mg, and NH4

for plants. The model was used to develop an improved management strategy, pre-
venting excess TSS, Na, and NH4, decreasing fertilizer requirements, and achieving
water efficiencies similar to commercial aquaculture and hydroponic systems.

Chapter 4. Set membership parameter estimation based on Voronoi vertices This
chapter presents an algorithm proposed for the calibration of mathematical models.
The algorithm uses a set-membership approach, which is a suitable alternative to
statistical methods in the presence of limited and uncertain experimental data. The
algorithm is based on a Voronoi tessellation, a novel method that characterises the
feasible parameter set with (hyper)spheres, quantifying deviations from experimen-
tal data.

Chapter 5. Set-membership uncertainty assessment of a mathematical model for
nutrient balances in fish growth and excretions. This chapter studied the dynam-
ics and uncertainties in uptake and excretions of macronutrients during fish growth.
A model was developed and calibrated using the Voronoi set-membership algo-
rithm. Uncertainty propagation was assessed using Monte Carlo simulations. The
model prediction explained 84% of the literature data variability for fish growth,
75% for digestive system content, and 28% for ammonia excretion rate. The un-
certainty assessment helped identifying suitable experimental conditions for future
research.
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Chapter 6. General discussion This chapter reflects on the research questions on
decoupled aquaponic systems. The discussion is then extended to more general
fields. First, suggesting a framework for modelling biological production systems
under uncertainty. Finally, the socio-economic challenges for aquaponics and other
methods for local food production are briefly discussed.

Chapter 1
General
introduction

Chapter 2
Model for water, N
and energy

Chapter 3
Model for water
and macronutrients
(INAPRO demo site)

Chapter 4
Set-membership algorithm
(calibration under uncertainty)

Chapter 5
Macronutrients in fish
(model under uncertainty)

Chapter 6
General
discussion

System-level aquaponics Uncertainty

FIGURE 1.4: Contents of this thesis.
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Chapter 2

Model of an aquaponic system for
minimised water, energy and nitrogen
requirements

Published as:
Reyes Lastiri, D., Slinkert, T., Cappon, H. J., Baganz, D., Staaks, G., & Keesman,

K. J. (2016). Model of an aquaponic system for minimised water, energy and nitro-
gen requirements. In: Water Science and Technology, 74(1), 30-37.
DOI: https://doi.org/10.2166/wst.2016.127

Abstract

Water and nutrient savings can be established by coupling water streams between
interacting processes. Wastewater from production processes contains nutrients like
nitrogen, which can and should be recycled in order to meet future regulatory dis-
charge demands.

Optimisation of interacting water systems is a complex task. An effective way of
understanding, analysing and optimising such systems is by applying mathematical
models.

The present modelling work aims at supporting the design of a nearly emission-
free aquaculture and hydroponic system (aquaponics), thus contributing to sustain-
able production and to food security for the XXI century.

Based on the model, a system that couples 40 m3 fish tanks and a hydroponic
system of 1000 m2 can produce 5 ton of tilapia and 75 ton of tomato yearly. The
system requires energy to condense and recover evaporated water, for lighting and
heating, adding up to 1.3 GJ m−2 every year. In the suggested configuration, the fish
can provide about 26% of the nitrogen required in a plant cycle. A coupling strategy
that sends water from the fish to the plants in amounts proportional to the fish feed
input, reduces the standard deviation of the NO−3 level in the fish cycle by 35%.

https://doi.org/10.2166/wst.2016.127
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2.1 Introduction

Maximising reuse of water and nutrients is needed to meet future regulatory dis-
charge demands and minimise spillage. Moreover, water and nutrient recycling
contributes to food security in the XXI century. In an aquaponic system, two food
production systems are coupled: aquaculture (aquatic animal farming) and hydro-
ponics (soilless plant farming). The nutrients excreted by the fish are used by the
plants, which in turn clean the water that is recycled to the fish. In fact, this is a small
scale example of a (closed) natural ecosystem with water and nutrient exchange.

Intensive fish production for commercial purposes can be accomplished in recir-
culating aquaculture systems (RAS), growing large amounts of fish with low water
and space requirements. A RAS includes a water treatment facility to remove the
waste products from the recirculated water. As a result of this purification step,
some nutrients accumulate to concentrations that can be used by plants. In partic-
ular, ammonium (NH+

4 ) from the fish tanks is converted to nitrate (NO−3 ) in a ni-
trification process. NO−3 has high value as fertilizer for plants, which can be grown
without soil using the nutrient film technique (NFT) in a recirculating hydroponic
system (RHS) (Rakocy et al., 2006; Bernstein, 2011).

Our case, known as the INAPRO system (INAPRO, 2014), combines tilapia and
tomatoes in separate systems (farms) with two water cross-overs, i.e. the waste from
the fish is used to fertilise the plants but is not directly circulated back to the fish.
Instead, the water evaporated in the horticulture system is condensed and recovered
without nutrients for the RAS system. This two decoupled recirculating systems can
be individually optimised.

INAPRO combines the construction and operation of demonstration systems
with the support of a model-based approach. The model presented herein describes
water, energy and nitrogen balances. It aims at aiding in the sizing of system compo-
nents and in the selection of operational strategies based on the dynamic behaviour
of the system. For this study, the following aspects were evaluated: 1) NFT green-
house area for tomato production and 2) RAS-RHS flowrate coupling strategy.

2.2 Methods

The model consists of a set of discretised ordinary differential equations (ODEs)
assuming zero and first order dynamics of the production terms in the balances. The
differential equations were solved numerically using the Euler Forward and fourth
order Runge-Kutta methods. The model was implemented in Microsoft Excel®, to
facilitate updating the inputs and the direct visualisation of simulation results.
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2.2.1 System description

The INAPRO aquaponic system was modelled based on the components and con-
figuration shown in Fig. 2.1: 1) Tilapia is grown in six fish tanks from the fingerling
stage. 2) Solids are first removed in a mechanical drum filter. 3) Concentrated back-
wash water undergoes a secondary separation in a settling tank. 4) Filtrate from the
drum filter is pumped to a biological filter for nitrification (conversion of NH+

4 to
NO−3 ). 5) After disinfection and aeration, water is returned to the fish tanks. 6) A
storage tank in a greenhouse for the hydroponic system receives the effluent of the
settling tank and additional fertilizer when required. 7) Plants are grown in a NFT
system in the greenhouse. 8) Water transpired by the plants in the greenhouse is
recovered by condensation and sent back to the RAS.

The process units modelled were: fish tanks (FT), mechanical filter (MF), settling
tank (ST), pump sump (PS), biofilter (BF), plant storage tank (PS) and the nutrient
film technique channels (NFT). All units were modelled as perfectly mixed vessels.
The pH levels were assumed controlled at 7.0 and 6.0 in the RAS and RHS, respec-
tively. All units were modelled with a time-step of 1 hr. Fish and plant growth (FG
and PG) were modelled with a time-step of 1 day.

Mechanical
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Pump 
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Settling 
tank

Biological 
filtration 

Plant 
production 

channels

DisinfectionAeration
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Recirculating aquaculture system (RAS)
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FIGURE 2.1: Main components of the INAPRO aquaponic system.
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This study aimed at assisting in the design and controlled coupling of the RAS
and the RHS. Therefore, modelling detailed dynamics occurring within each unit
was beyond its scope. Nonetheless, some phenomena that have been reported rele-
vant in literature were included but simplified to zero and first order dynamics. The
parameters listed in Table 2.1 are the result of these simplifications.

TABLE 2.1: Parameters used in the model of the aquaponic system

Parameter Description Value (process unit)

φv,eva Volumetric flow rate of water evaporation 1.0 l hr−1 (FT);
0.5 l hr−1 (MF, ST, BF)

kvol Constant rate of ammonia volatilisation 0.16 hr−1 (FT, MF, ST, BF)
kamm Constant rate of organic N ammonification 0.15 hr−1 (FT, MF, ST, BF)
knit Constant rate of ammonia nitrification 0.10 (BF)
kLUE Light use efficiency for plant growth 4.0 g MJ−1 (PG)
kLEC Plant overall light extinction coefficient 0.7 (PG)
kSLA Plant specific leaf area 250 cm2 g−1 (PG)
kDMC Plant dry matter content 0.11 (PG leaf);

0.75 (PG fruit)
krb Plant leaf boundary resistance 200 s m−1 (PG)

2.2.2 Sub-models

The model contains the following sub-models: 1) volumes and water flow rates,
2) nitrogen conversion processes, 3) fish growth and staggered production, 4) plant
growth and nitrogen uptake, 5) plant evaporation, and 6) greenhouse climate. As-
sumptions and parameters used in each sub-model are provided in this section.

1) Volumes and water flow rates. The sizes of the RAS components were pro-
vided as a guideline by the INAPRO consortium: FT = 40 m3, MF = 0.5 m3 (1 m2),
ST = 10 m3, BF = 0.5 m3 and PS = 10 m3. Water density (ρw) was assumed constant.
The amount of water in the pipes, and the transportation times between units were
neglected. The pumps operate with a fixed flow rate. All units were modelled as
reservoirs operating at constant volume:

ρw
dV
dt

= 0 = ∑ φv,in −∑ φv,out − φv,eva (2.1)

where water flow rates entering and leaving each unit are assigned based on
Fig. 2.1, and φv,eva is based on Table 2.1.
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The drum filter was assumed to operate at 70% efficiency of solids removal (Tim-
mons and Ebeling, 2010). Solids leave the filter as backwash flow to the secondary
clarifier. The settling tank was modelled based on results obtained by Bergheim et
al. (1998), represented as a two-layer vessel with each layer perfectly mixed, assum-
ing settling efficiency of 60%, with 5% re-suspension from the bottom layer due to
turbulence. The effect of particle size in filtration processes was neglected.

2) Nitrogen conversion processes. N conversion was modelled for fish tanks,
mechanical filter, secondary clarifier, biological filter and NFT storage tank. N is
present as nitrate (NO−3 ), total ammonia nitrogen (TAN) constituted by ammonia
(NH3) and ammonium (NH+

4 ), organic N in suspended solids, and organic N in
settled solids. It was assumed that both the mechanical filter and the biological
filter show a quasi-steady state behaviour, without N accumulation.

In the fish tanks, N is supplied in the form of feed protein with 25% N (mass).
5% of the feed was assumed to be uneaten. Fish were assumed to accumulate N
with 32% efficiency, excrete 40% as NH3 and 28% in faeces (Rafiee and Saad, 2005).
Nutrients in NFT channels were assumed to be in quasi-steady state.

The general balances for the N forms in each of the units in the system are de-
scribed by:

dmNO3

dt
= ∑ φNO3,in −∑ φNO3,out + φnit (2.2)

dmTAN

dt
= ∑ φTAN,in −∑ φTAN,out + φamm − φnit − φvol (2.3)

dmNorg

dt
= ∑ φNorg,in −∑ φNorg,out − φamm (2.4)

Ammonification (φamm) and ammonia volatilisation (φvol) were assumed to take
place in all tanks except the pump sump. In the settling tank, ammonification was
modelled in both layers (settled and suspended solids). Nitrification was assumed
to take place only in the drum filter and in the biofilter after the previous two pro-
cesses. The mass of gas ammonia follows from the equilibrium constant at the given
pH. The rate parameters for these processes are listed in Table 2.1.

φvol = kvol ·mTAN/(1 + 109.25−pH) (2.5)

φamm = kamm ·mNorg (2.6)

φamm = knit · (φTAN,in − φvol) (2.7)
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3) Fish growth and staggered production. Fish growth in each fish tank is de-
scribed by the general mass balance:

dm f sh

dt
= φ f ed · FCR−m f sh · k f sh,mrt − φhrv (2.8)

where feeding rate (φ f ed) and feed conversion ratio (FCR) were obtained from
experimental data in the ASTAF-PRO system from the Leibniz Institute of Freshwa-
ter Ecology and Inland Fisheries (IGB), fitted to polynomial curves based on the day
of the current production cycle (dcyc):

φ f ed =



0.004 · dcyc + 0.00996 dcyc < 10

0.045 10 ≤ dcyc < 24

0.571 · (dcyc + 5.925)−0.757 24 ≤ dcyc < 195

0.005 195 ≤ dcyc < 211

0 dcyc ≥ 211

(2.9)

FCR = 0.0021 · dcyc + 0.8 (2.10)

The length of each complete fish growth cycle was modelled to a fixed 241 days.
Each batch of fish starts in the fingerling tank. At the beginning of month 3, fish
are moved to two raising tanks. At the beginning of month 8, fish are moved to a
starvation tank, where growth is completed at the end of month 8. Fish stocking
density was limited to a maximum of 84 kg m−3 with start and end weights of 10
and 650 g, respectively.

The model assumed controlled temperature in the fish tanks, maintained at 28°C,
fish mortality rate (k f sh,mrt) equal to 10% per growth cycle, and harvest loss of 5%.

4) Plant growth. The plant growth model was based on light use efficiency
(LUE), adapted from TOMSIM (Heuvelink, 1996; Heuvelink, 1999). Nutrients and
water were assumed readily available for the plants, i.e. plant growth is only deter-
mined by irradiation:

dmplt

dt
= kLUE ·QPAR,in · (1− ekLEC·LAI) (2.11)

Where QPAR,in is the incoming photosynthetically active radiation, and kLEC is
the light extinction assumed constant (Table 2.1).

Plant dry matter growth was partitioned into leaf growth (ml f ) and fruit (m f r)
growth, both modelled based on the leaf area index (LAI). LAI was modelled as-
suming a constant specific leaf area (kSLA, Table 2.1). The value of LAI was updated
daily (∆tplt = 1 day), and it was limited to a maximum of 3.0, assuming removal of
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old leaves:
dml f

dt
=

0.5 · dmplt
dt LAI < 2.5

0.1 · dmplt
dt LAI ≥ 2.5

(2.12)

dm f r

dt
=

0· LAI < 2.5

0.8 · dmplt
dt LAI ≥ 2.5

(2.13)

dLAI
dt

= kSLA ·
ml f ,1 −ml f ,0

∆tplt
(2.14)

Water uptake by plants (φv,plt) accounts for evapotranspiration (φv,et) and water
partition into leaf and fruit. Conversion of water into dry mass by photosynthesis is
neglected. Nitrogen uptake was modelled to depend only on dry mass production,
assuming constant dry matter content (kDMC, Table 2.1) (Gallardo et al., 2009):

φv,plt = φv,et +
1

kDMC,l f
·

dml f

dt
+

1
kDMC, f r

·
dm f r

dt
(2.15)

φN,plt = 0.05569 ·
(dmplt

dt

)0.9016

(2.16)

5) Plant evapotranspiration. Plant evapotranspiration was modelled based on
Stanghellini (1987) and Prenger et al. (2002). It accounts for LAI, vapour deficit in
the greenhouse (VD), irradiance-dependent leaf stomatal resistance (rs), constant
leaf boundary resistance (krb, Table 2.1), temperature in the greenhouse (T), net in-
tercepted radiation (QRn), and the ratio of latent to sensible heat for 1°C change (ε):

φv,et =
2 LAI

(1 + ε)krb + rs
·
(

VD +
ε krb QRn

2 LAI 2450

)
(2.17)

rs = 82 · 4.30 + QRn/(2 LAI)
0.54 + QRn/(2 LAI)

·
[
1 + 00023 · (T − 24.5)2

]
(2.18)

ε = 0.7584 e0.0518 T (2.19)

VD = 2.5 + 0.004 QPAR,in (2.20)

QRn = 0.86(1− e0.7 QPAR,in LAI) (2.21)

6) Greenhouse climate. Greenhouse climate control was modelled to keep a set
point temperature of 17.5 °C. It includes screens that close under limited solar radi-
ation. The screens close to minimise vapour losses with radiation below 55 W m−2,
and open at 70 W m−2. Additional artificial lighting of 100 W m−2 was included, op-
erating with different schedules depending on the season (Hashimoto et al., 1993).
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Both the screens and the greenhouse cover material are assumed to be in a quasi-
steady state, (without energy accumulation). The simplified differential equations
from the energy balance were solved analytically. The greenhouse climate model
accounts for weather conditions: meteorological wind speed, global radiation, am-
bient temperature, air pressure, cloud cover and relative humidity. Weather data
was obtained from the Royal Dutch Meteorological Institute (KNMI, 2014). For a
detailed description of the energy balances, the reader is referred to Slinkert (2015).

2.2.3 Optimised design

Two design aspects were studied: 1) controlled coupling strategy between RAS and
RHS (constant flow rate vs. fish feed dependent flow rate) and 2) NFT production
size (area).

For the coupling strategy, the objective was to minimise the variations in the N
content of the water sent from the RAS to the RHS.

For the NFT area sizing, the following penalty function (p) is minimised, con-
sisting of RAS water discharge (φv,out), clean water use (φv,in), and N provided by
fertilizer (φN,in) with respect to N plant uptake:

p = p1 · φv,out + p2 · φv,in + p3 ·
φN,in

φN,plt
(2.22)

where p1, p2 and p3 are arbitrary penalty factors that describe a weighted func-
tion. For this study, their values were set to 5.0, 1.0 and 10, respectively.

2.3 Results and discussion

Model results for the weather conditions of the Netherlands in the period 2008-2009
are presented. These results show the development of the system from start-up until
it reaches an equilibrium stage.

The comparison between the two proposed RAS-RHS coupling strategies is shown
in Fig. 2.2. The variation in the nitrate levels of the water flowing to the RHS are
higher for a coupling based on constant flow rate. Therefore, a variable coupling
strategy, such as this fish-feed based strategy, is preferred.

Results from the penalty function (p), used for resource minimisation when siz-
ing the NFT production area, are shown in Fig. 2.3. A minimum penalty is found
at an NFT area of 1000 m2, which is also an area that matches the rainfall that can
be captured to match the clean water usage. Different sizes of a buffer tank (BUF)
used to accumulate water seasonally were simulated, but they have no impact on
the water consumption and discharge.
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FIGURE 2.2: Nitrate concentration in FT and ST for constant flow coupling (left)
and fish feed based coupling (right). The effluent of ST is supplied to the plants,
which require a stable nutrient concentration. After system stabilization (month

8) the standard deviations are 13.23 mg L−1 (left), and 8.56 mg L−1 (right).

FIGURE 2.3: Minimisation of the penalty function (p) with respect to NFT size
(left). Minimisation of water use with respect to NFT size under different buffer
tank (BUF) sizes. A minimum is obtained around 1000 m2 NFT area. Larger NFT

areas result in an increased clean water and fertilizer use.

Based on these results, an NFT area of 1000 m2 and a fish feed based coupling
were selected for subsequent simulations.

The growth pattern of the fish staggered production is shown in Fig. 2.4. It
corresponds to a system with a regular time interval of 2.5 months between cycles,
which results in a regular feeding rate and helps preventing large TAN peaks in
the fish tanks. The seesaw pattern resulting from the staggered production explains
the variations observed in the nitrate concentration when coupling RAS-RHS at a
constant flowrate.

The production of tomato is directly related to the solar radiation intercepted by
the plants. Dry mass production reaches a peak in summer but it is very limited in
winter during the development of new plants (Fig. 2.5).

Greenhouse temperature obtained from the climate sub-model are shown in Fig.
2.6. During winter, the difference between the outside temperature and the set-point
reaches about 25°C.
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FIGURE 2.4: Fish stocking density with staggered production in the fish tanks and
regular time interval of 2.5 months between cycles.

FIGURE 2.5: Dry mass production of plant and fruit (left). Natural and artificial
radiation in the greenhouse (right). The strong dependence of plant growth on

solar radiation is observed.

FIGURE 2.6: Greenhouse temperatures during the night (left) and day (right).

The monthly energy balance in the greenhouse is depicted in Fig. 2.7. The green-
house requires secondary energy inputs to operate, such as heat and electricity. Due
to the temperature differences during winter, a significant amount heat was esti-
mated, about 250 MJ m−2 yearly. Additionally, recovering the evaporated water
in the greenhouse by condensation for its recirculation in the RAS was estimated
to consume yearly 740 MJ m−2. Lighting, mainly during winter, was estimated to
consume about 340 MJ m−2 per year.
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FIGURE 2.7: Monthly energy flows entering (positive values) and leaving
(negative values) the greenhouse. The energy used for condensation cannot be

supplied with solar radiation alone, and secondary energy sources are required.

FIGURE 2.8: Water flow (left) and nitrogen flow (right) between the RAS and the
NFT hydroponic system. RAS water output is not utilised by the plants between

01/10 – 01/04 and it is discharged.

The resulting water and nitrogen use in the RAS-RHS coupling is shown in
Fig. 2.8. During summer, the RAS system can deliver more than the minimum water
requirement of the plants; the clean water that returns to the RAS dilutes the system
and cools it down. However, during winter the plants are not developed enough
to take the nutrient output of the RAS and about 530 m3 yr−1 of water has to be
discharged as sewage, in order to prevent nitrate intoxication of tilapia. Additional
losses such as evaporation and sludge discharge from the filter add up to a total
consumption of about 800 m3 yr−1 of clean water to refill the system.

Estimated N output from the RAS is much lower than the uptake by the plants,
and about 130 kg-N are required per plant cycle, added as fertiliser, mainly during
summer (about 171 kg-N yr−1). The RAS output could supply up to 56% of the N
requirement per plant cycle if it is not discharged; however, due to the discharge in
winter, only 26% is covered.

With the resulting sizes and operational strategies, the yearly production of the
system reaches about 75 ton of tomato and 5 ton of tilapia.
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2.4 Conclusions

A mathematical model of a decoupled aquaponic system for the production of tilapia
and tomato, INAPRO, was developed using zero and first order dynamics.

The model was based on the water and nitrogen dynamics, the dominant nutri-
ent in an aquaponic cycle.

For the selected operational scheme, a RAS of 40 m3 coupled with a NFT hydro-
ponic system of 1000 m2 were estimated to achieve a yearly production of 5 ton of
tilapia and 75 ton of tomato, requiring 171 kg-N of fertiliser.

The preferred RAS-NFT coupling strategy is a fish-feed based water exchange,
which can help accomplishing a stable nitrate concentration as required by the plant
growth.

Additional energy utilisation is required by the proposed system configuration,
particularly during winter, a total of 1.3 GJ m−2yr−1. Energy management could
be improved by preventing excess input of solar radiation in summer which would
in turn decrease water evaporation and consequently reduce energy consumption
for condensation. This improvement should take into consideration the radiation
requirement for plant growth in order to maintain the expected tomato yield.

Excess water from the RAS cannot be utilised at all times by the plants, and it is
discharged as sewage. The total water losses require 800 m3 of top-up clean water
per year.

The aquaculture and the hydroponic systems were optimised individually, max-
imising their yields per water usage. However, fertiliser is still added. 26% of the N
required by a plant cycle can be covered by the RAS output, using the given water
buffer capacities.

For future work, the dynamics of other nutrients and variables should be in-
cluded, such as phosphorus (P), sodium (Na), magnesium (Mg), dissolved oxygen
(DO) and pH. This will allow for the identification of further improvements in the
system and the chance to include additional species to better utilise the resources
available, while trying to reduce the need for fertiliser.
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Abstract

Aquaponics combines aquaculture with hydroponics, i.e. growing aquatic species
and soilles plants in a single system. Commercial aquaponics is still in development.
The main challenge consists in balancing the conditions required for the growth of
multiple species, leading to a dynamic system with high complexity. Mathematical
models improve our understanding of the complex dynamics in aquaponics, and
thus support the development of efficient systems.

We investigated a water and nutrient management strategy for the efficient pro-
duction of Nile tilapia (Oreochromis niloticus) and tomato (Solanum lycopersicum) in
an existing INAPRO aquaponic demonstration system in Abtshagen, Germany. For
this purpose, we developed a system-level mathematical model.

In our simulations, we found that the existing configuration and water manage-
ment of the Abtshagen aquaponic system results in an excessive amount of water
discharged from the aquaculture loop. Therefore, sending more nutrient-rich water
from fish to plants can help reducing water and fertilizer consumption. However,
this water transfer may lead to excess concentrations of some nutrients, which could
stress fish, plants or both. Our simulations predicted excess concentrations of total
suspended solids (TSS) for fish, and excess sodium (Na+) and ammonium nitrogen

https://doi.org/10.1016/j.aquaeng.2018.07.001
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(NH+
4 -N) for plants. Furthermore, excess calcium (Ca2+) and magnesium (Mg2+)

for plants was predicted, due to the use of local fresh water with relatively high
concentrations of those ions.

We developed an improved management strategy to better balance resource ef-
ficiency and water quality. This management strategy prevents excess levels of TSS
for fish, and Na+ and NH+

4 -N for plants. Under this strategy, simulated water re-
quirements (263 L kg−1 fish and 22 L kg−1 tomato) were similar to current commer-
cial aquaculture and greenhouse horticulture. Simulated plant fertilizer require-
ments for N, Ca and Mg (52, 46 and 9 mg kg−1 tomato, respectively) were one order
of magnitude lower than in high efficient commercial closed greenhouse produc-
tion.

3.1 Introduction

Land-based aquaculture can help increasing local fish production with low water
consumption. Intensive recirculating aquaculture systems in the Netherlands can
use less than 1 m3 water per kg fish, competing with livestock levels. Recirculat-
ing aquaculture production is increasing worldwide, but operational requirements
like energy and water purification are still a challenge, resulting in high investment
costs (FAO, 2021). High cost for water purification is due in part to the accumu-
lation of excess nutrients. Hydroponic horticulture has been suggested and tested
to utilise excess nutrients from aquaculture (Lewis et al., 1978). In the Netherlands,
greenhouse horticulture is very well developed, but it depends on external fertilizer.
Therefore, the current technological status of aquaculture and greenhouse horticul-
ture presents an opportunity to balance their mutual needs.

Aquaponics is a production method that combines aquaculture with hydropon-
ics. This combination has been long known: as rice fields combined with fish culture
in South-East Asia (Coche, 1967), and as chinampas by the Aztecs (Turcios and Pa-
penbrock, 2014). Researchers of recirculating aquaculture introduced the modern
concept of aquaponics in the mid-1970s as a combination of intensive production
systems (with low land and water use); but commercially competitive aquaponics
is yet to be achieved (Love et al., 2015). The main challenge lies in balancing the
water quality and the nutrients required by three or more biological systems (fish,
plants and biodegradation bacteria) (Suhl et al., 2016). There is growing research
based on mathematical models aimed at understanding the dynamics of water and
nutrients in aquaponics for improved production. However, due to the large num-
ber of variables involved in a system-level analysis of aquaponics, each study has
limitations.
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For example, Reyes Lastiri et al. (2016) presented a dynamic model for water
and N in aquaponics, showing that it is theoretically possible to achieve stable ni-
trate levels for fish, by sending water from fish to plants based on the fish feeding
schedule. Karimanzira et al. (2016) developed a detailed dynamic model for wa-
ter, N and P in a decoupled aquaponic system. Goddek et al. (2016) developed an
agent-based model showing that it is theoretically possible to reduce nutrient con-
sumption based on system-level sizing and design. However, these studies only
describe balances for limited nutrients, configurations and management strategies.

Fertilizer and water consumption can be reduced by controlling the amount and
frequency of water sent from fish to plants. But this water transfer can lead to ac-
cumulation of some nutrients to stressful levels for fish, plants or both. Therefore
there is a trade-off between water transfer from fish to plants, and excessive nutrient
concentrations that may result.

To balance the trade-off, one approach could be the introduction of additional
(novel) technologies into aquaponics. For example, Goddek and Keesman (2018)
proposed desalination to treat excess nitrate, but desalination units can be energy
intensive and limited to large-scale applications. An alternative approach consists of
evaluating multiple management strategies, and then selecting the most adequate.
This alternative approach may not reach maximum resource recovery, but it does
not introduce additional costs and it may help improving the productivity of an
existing aquaponic system.

We propose a strategy for system design and management aimed at achieving a
balance between reduced resource requirements and water quality conditions. For
this purpose, we developed a mathematical model describing the system-level dy-
namics of water and multiple relevant nutrients in an existing aquaponic system.

3.2 Methods

The decoupled aquaponic system consists of two separate production loops: a recir-
culating aquaculture system (RAS) and a hydroponic system (HS).

3.2.1 Description of the aquaponic system

We studied one of the demonstration systems built and operated for semi-commercial
and research purposes as part of INAPRO, a European Union (EU) project aimed at
further developing aquaponics towards a commercial scale (INAPRO, 2014). The
system design is based the ASTAF-PRO configuration (Kloas et al., 2015), and it is
located in Abtshagen, Mecklenburg-West Pomerania, Germany. It consists a fish
farm with 7.2 m3 of total fish tanks volume in a RAS area of 43 m2, and a Venlo type
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greenhouse of 139 m2 for hydroponic cultivation in nutrient film technique (NFT)
channels with a net cultivated area of 62.6 m2. We studied the production of Nile
tilapia (Oreochromis niloticus) and tomatoes (Solanum lycopersicum cv. Pureza).

Inputs to the system were young tilapia, young plants, water and fertilizer. Out-
puts from the system were market-size tilapia, tomatoes, sludge, wastewater and
plant residue.

RAS and HS were operated as separate loops. Water was transferred from RAS
to HS to provide some of the nutrients required by the plants. RAS and HS loops
are described below and illustrated in Fig. 3.1. Component sizes are listed in Table
3.1.

RAS. Fish grew in 4 fish tanks (FTs) with circulating water. Water effluent from the
FTs was directed to a settling tank (ST) to remove solids. Clean water from the ST
was taken to a nitrification unit consisting of a pump sump (PS), a biofilter (BF), and
a small tank catching filtered water (FW). Water from the filtered water tank was
circulated back to the FTs. Settled sludge from the ST was removed periodically
and directed to a post-purge unit (PP), consisting of a 3-chamber pit outside the
building for secondary removal of solids by sedimentation. Clean water is added to
the system from a fresh water tank (WT).
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FIGURE 3.1: INAPRO demonstration aquaponic system in Abtshagen, Germany.
Dashed rectangles represent the boundaries of the recirculating aquaculture

system (RAS), hydroponic system (HS), and overall aquaponic system.
Components are detailed in Table 3.1.
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TABLE 3.1: Components of the aquaponic system.

Component Size Comments
Fish tanks (FT) 4 × 1.84 m3 with 175 f ish/tank
Settling tank (ST) 1.32 m3 -
Pump sump (PS) 2.38 m3 -
Biofilter (BF) 2.29 m3 with 445 m2/m3

Filtered water tank (FW) 0.02 m3 negligible volume, not modelled
Post-purge (PP) 9.0 m3 3-chamber pit
Mixing tank (MT) 1.1 m3 -
Nutrient film technique (NFT) 8 × 10 m with 2.4 plants/m
Fresh water tank (WT) 2 m3 constant concentrations assumed

HS. Water with dissolved nutrients was received from the RAS after separation
of solids at the PP. This water was stored inside the greenhouse in a mixing tank
(MT). If needed, fertilizer was added to the MT to match minimum concentrations
required by plants. The nutrient solution from the MT was sent to 5 small tanks
that supply a set of NFT channels (3 double and 2 single). The single NFT channels
were located near the greenhouse walls to maintain similar shading conditions in
the double channels (condition required for other experimental studies). At the end
of a plant production cycle, remaining water with low nutrient concentration was
discarded. The aquaponic system includes a plan to recirculate condensed water
from the HS back to the RAS loop (CW). However, this process was not yet available
at the time of this study and therefore was not included in the model.

3.2.2 Description of the mathematical model

The mathematical model was developed following a dynamic, deterministic and
modular approach, and based on algebraic and ordinary differential equations. Each
module represents a component of the aquaponic system. The modules were mod-
elled and calibrated based on data available from literature and gathered at the IN-
APRO demonstration site. Model and calibration routines were programmed in
Python 3.4.

We modelled production of Nile tilapia in the RAS coupled with tomato in the
HS. Design, configuration and flows between units were based on the operation of
the demonstration system in Abtshagen.

Each module comprises mass balances for 3 state variables: 1) water volume
(V), soluble components (nutrients) (mS), and total suspended solids (mTSS). The
state variables constitute model outputs (y). The state variable mS consists in turn
of macronutrients considered relevant for plant hydroponic cultivation: NO−3 -N,
TAN, PO3−

4 -P, K+, Ca2+, Mg2+, and Na+. We abbreviated these components as:
NO3, TAN, P, K, Ca, Mg, and Na
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Mass balances for each module were expressed in terms of inflows (φin) and out-
flows (φout) (Eqn. 3.1). Concentrations at effluents were calculated from the resulting
states of each unit C = m/V. The simulation time step (∆t) was 15 min.

dy
dt

= φin − φout (3.1)

Mass balances for each module (Table A3.1), auxiliary equations (Table A3.2),
and parameter values (Tables A3.3-A3.4) are provided in the Appendix of this chap-
ter.

The filtered water tank (FW) has a negligible volume, therefore it was not mod-
elled. The fresh water tank (WT) was only modelled as a supply with constant
concentrations.

Assumptions for the system-level model were:

• Negligible volume of pipes.

• Constant density of water ρ = 1000 kg m−3 (neglecting effect of soluble and
suspended matter).

• Chemical reactions only take place in the BF.

• Constant fresh water composition, based on measurements by REWA (2017).

• Ideal fish and plant growth, based on expert management from successful
commercial operation in the region for tilapia aquaculture and tomato hor-
ticulture.

Fish tank (FT)

Fish was grown and harvested in FTs. Recirculating water enters at rate φv,in. Ide-
ally, a FT should be fully refreshed twice per hour. Outflow occurred by overflow
on a standing pipe at rate φv,out. To start production, fish was added to the 4 tanks
in a staggered sequence spaced by 45 days. Each tank was harvested once every
180 days alternating between tanks, providing 1 harvest every 45 days. At har-
vest, a tank was emptied at rate φv,hrv in 1 ∆t (to the PP). During the same ∆t, flow
through the FT stopped (φv,in = φv,out = 0 m3 hr−1), and fresh water refills the FT at
rate φv, f rs = VFT/∆t. After harvest, flow through the FT resumed and an additional
FT volume of fresh water was added through a period of 2 days to clean the FT
(φv, f rs = VFT/2 day). Since the additional water in the 2 day period stays relatively
clean, it was kept in the RAS loop. New fish was then added to the harvested tank.
Growth conditions are reported in Suhl et al. (2016).
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FIGURE 3.2: Model of the fish tank (FT).
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FIGURE 3.3: Model of the settling
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Each FT was modelled as an ideally mixed tank. Fish growth and nutrient uptake
was included as a sub-model of the FTs. Total fish in one tank was modelled as a
single mass m f sh assuming ideal growth, based on a least-squares, second order
polynomial regression from data of average growth per fish estimated by Autosoft
(Jancke, 2016) (see Table A3.2 in the Appendix of this chapter). Fish constitutes up
to 7% of the water volume in the FT and was therefore neglected in the calculation
of V. It was assumed that all fish feed is consumed.

Settling tank (ST)

The ST was used to remove solids. Recirculating water entered at rate φv,in and left
by overflow at rate φv,out. Sludge was removed at rate φv,slg once every time interval
∆t,clean in 1 single time-step. TSS settled at a rate φset, and undergo resuspension
during sludge removal at a rate φrsp. Therefore, an additional mass balance for
settled solids was included in the model (TSSset).

For soluble components (S), the ST was modelled as an ideally mixed tank. For
TSS, settling and resuspension rates were assumed linearly related to the mass of
TSS in the water and sludge respectively.

Pump sump (PS)

The pump sump was used to balance water deficit and to pump water through the
system. Recirculating water entered at rate φv,in and it was pumped up at constant
rate φv,out (to the BF). Water also entered from the filtered water tank of the biofilter
at rate φv, f lt. When inflows were not sufficient to keep the PS full, fresh water was
added at rate φv, f rs (from the WT).

The PS was modelled as an ideally mixed tank.
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Biofilter (BF)

The BF consisted of a trickling filter used for nitrification, i.e. conversion of ammo-
nia (NH+

4 ), which is toxic for the fish, into less toxic nitrate (NO−3 ). Recirculating
water enters at a rate φv,in and leaves at a rate φv,out. Biofiltered water is received in
the FW tank (of negligible volume). Part of the effluent goes back to the PS (φv,out,PS)
and the rest is circulated back to the FTs (φv,out).

The BF was modelled as a continuously stirred tank reactor (CSTR). Only 2.4%
of the TAN mass is converted into bacteria biomass (Timmons and Ebeling, 2010),
and this loss of N was thus neglected. The simplified chemical reaction modelled
was:

NH+
4 + 2O2 + 2HCO−3 → NO−3 + 3H2O + 2CO2

The reaction rate of TAN was assumed linear. It was assumed that water and
TSS do not change through the BF, i.e. dV/dt = 0 and dmTSS/dt = 0. It was also as-
sumed that the BF is well aerated, therefore O2 does not become a limiting factor in
the reaction, and CO2 leaves as it is produced.

Nitrification consumes alkalinity and results in a pH decrease. To correct this,
pH buffers like NaHCO3 are commonly added in RAS before circulating water back
to the fish. However, the system in Abtshagen showed no decrease in pH after
nitrification. Therefore, addition of a pH buffer was not included in the model.
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FIGURE 3.4: Model of the pump sump
(PS).

ϕv,in

CS,in , CTSS,in

ϕv,out

CS,out , CTSS,out

A
mS , mTSS 

rTAN

FW
ϕv,flt

CS,out , CTSS,out

FIGURE 3.5: Model of the nitrification
biofilter (BF).



3.2. Methods 37

Post purge (PP)

The PP was used for secondary clarification by settling of solids and consists of a 3-
chamber pit. It operated as the connection unit between RAS and HS. Sludge from
the ST entered at rate φv,slg. Water from the FTs emptied for harvest entered at rate
φv,hrv. Water was removed on demand to the HS at a rate φv,out. When HS demand
is low, water in the PP accumulates; if full, excess water was discharged at a rate
φv,dis.

The 3 chambers were modelled as a single unit similar to the ST: an ideally mixed
tank for S, and settling for TSS at a rate linearly related to its concentration.

Mixing tank (MT)

The MT received water from the RAS as well as fertilizer to match concentrations
required by plants (CS,req). RAS water entered at rate φv,in and left after fertilizer
addition at rate φv,out. When V dropped below 55 %, fresh water was added at rate
φv, f rs to refill the MT in one ∆t. Fertilizer was added at rate φ f rt in 1 time-step ∆t,
based on the difference between required and present nutrient concentrations at the
NFT tanks.

The MT was modelled as an ideally mixed tank. Fertilizer volume constitutes
less than 0.1% of the flow rate leaving the MT. Therefore, V increase due to fertilizer
addition was neglected.

It was assumed that nutrients were added in their soluble ionic form (in practice,
salts are added), neglecting the presence of other elements. It was also assumed that
N was only added as NO−3 and no Na+ was added.
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FIGURE 3.6: Model of the post purge
tank (PP), consisting of a 3-chamber pit

modelled as a single tank.
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(MT).
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Nutrient film technique (NFT) unit

The NFT unit consisted of small tanks that store water recirculated in channels
where plants were grown. Water entered the NFT tanks at rate φv,in. Plants take up
water at rate φv,pln in the channels. After a yearly production cycle, all remaining
water was discharged from the NFT tanks at rate φv,dis in 1 ∆t. Growth conditions
in the greenhouse are reported in Suhl et al. (2016).

The group of NFT tanks and channels were modelled as a single ideally mixed
tank. Changes in concentrations through channel length were thus neglected.

Plant growth and nutrient uptake was added as a sub-model in the NFT unit.
Tomato plant growth was modelled for two separate parts: vegetative and fruits.

Vegetative growth was modelled following an ideal logistic function and cali-
brated against data on final vegetative weight. Fruit growth was modelled assum-
ing a second order polynomial function and calibrated against production data. To-
tal water uptake was modelled assuming a third order polynomial function. Data
for calibration was obtained from control groups grown under ideal conditions in
experiments at the Abtshagen system (Suhl, 2015) (see the Appendix of this chap-
ter). Each nutrient uptake rate was assumed linearly related to the plant growth and
the fruit composition.
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FIGURE 3.8: Model of the NFT tanks and channels.
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3.2.3 Development of an improved management strategy

The simulation results from the existing configuration of the aquaponic system in
Abtshagen were analysed to identify opportunities for increased resource efficiency,
using an improved management strategy, following the next steps:

1. Water balance. Identify the largest (waste) streams in the system, and possibil-
ities for reuse on plants.

2. Nutrient balance. Identify surplus or deficit streams of nutrients in the RAS
water, and possibilities for reuse on plants (compared to fertilizer use).

3. Water quality. Identify water quality parameters near or above suggested lim-
its for fish and plant growth. These parameters become limiting factors for the
water reuse potential identified in the previous steps.

4. Response surface analysis. Select system operation parameters affecting the
streams identified in previous steps. List the critical water quality parameters
(limiting factors). Run a set of simulations with a range of system operation
parameters and evaluate their effect on resource efficiency, accounting for lim-
iting factors from water quality. Identify an improved management strategy.

3.3 Results and discussion

The aquaponic system was simulated for a period of 2 years. Year 1 is the starting
phase of the system. From year 2 onwards, the system operates with similar yearly
behaviour. Therefore, yearly production and consumption were calculated based
on year 2.

3.3.1 Production

Simulated growth and cumulative production of tilapia and tomato are shown in
Fig. 3.9. After one start-up year, fish is harvested 8 times per year at 129.3 kg per
harvest for a total of 1034 kg yr−1 or 140 kg/m3 yr−1 with a final stocking density of
70 kg/m3. This simulated yearly production is higher than commercial production
(60− 120 kg/m3 yr−1, FAO, 2018a) due to the assumption of ideal growth with no
mortality and expert management. At the time of this study, fish production in
the actual system at Abtshagen was facing problems and comparison to simulated
results is not possible.
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The model uses weekly harvest. The resulting tomato production was 4350 kg yr−1

or 69 kg m−2 yr−1 (net cultivated area), at 22.5 kg/plant. This simulated yearly pro-
duction matches by calibration the conventional production under expert manage-
ment (50− 75 kg m−2 yr−1, (De Gelder et al., 2005; Nederhoff and Stanghellini, 2010;
Resh, 2016)). An experiment in the actual Abtshagen system without measures for
increased productivity only achieved a production of (32 kg m−2 yr−1) (Suhl et al.,
2016), showing the relevance of expert management in our model assumptions.
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FIGURE 3.9: Simulated production. A) fish growth, B) plant growth.
C) cumulative harvest. After one start-up year, simulated production was

1034 kg yr−1 for fish, and 4350 kg yr−1 for tomato (fresh weights).

3.3.2 Water balances

Simulated cumulative water balances for the RAS and HS are shown in Fig. 3.10.
After one start-up year, the RAS consumes 994 m3yr−1 of fresh water, mainly

to compensate for discharge from the PP (900 m3 yr−1). Discharge from the PP
happens when removing sludge or when it overflows. The main flow filling up
the PP to eventual overflow comes from cleaning the ST. These large flows confirm
the assumption for a negligible volume of water corresponding to fish body mass.

In the HS, fresh water consumption is negligible: 0.18 m3 during one start-up
year, and 0 m3 afterwards. This low consumption in the HS happens because the
system was simulated to prioritize water use from the RAS (fresh water is added to
the MT only if its volume drops below 55%).
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FT: fish tanks. PP: post-purge tank. MT: mixing tank for fertilizer. NFT: nutrient film
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Assuming 95% water content in tomato fruits (Suhl et al., 2016) and 70% leaf
relative water content (Tuna et al., 2007) (generalized for stem and roots), given a
production of 4363 kg yr−1 fruits and 480 kg yr−1 vegetative, a total of 4481 kg yr−1

water corresponds to plant weight (4.48 m3 yr−1). This water content in the plant
weight corresponds to 5% of the simulated yearly plant water uptake (92.60 m3 yr−1),
the rest being lost by evapotranspiration (88.12 m3 yr−1). This evapotranspiration
constitutes 9% of the total water consumption. Therefore, it is more important to re-
duce overall water input than to implement condensation recovery from the green-
house.

The large amount of water discharged from the PP suggests that the RAS can
provide water requirements for a much larger number of plants. But first, it is nec-
essary to analyse the nutrient balances to determine the amount of nutrients that the
fish water can provide to the plants.
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3.3.3 Nutrient balances

Simulated nutrient balances were focused on the HS, where nutrient addition can
be reduced using RAS water. Fig. 3.11 shows the simulated nutrient balances in the
HS.

The RAS supplies 25% of the plant N requirements (TAN and NO3). P and K are
mostly supplied as fertilizer (P excretion by fish was assumed negligible). Ca, Mg
and Na are mostly supplied by RAS water. However, most of the Mg and Na enters
the system in fresh water, not in fish feed. Excess Ca, Mg and Na is discharged in
waste water at the end of the plant production cycle.

Based on excess nutrients and the water discharge from the PP, it could be sug-
gested that fertilizer consumption for N, Ca, Mg and Na could be reduced using
RAS water for an even larger number of plants. However, due to the excess of some
nutrients, transferring a high amount of water from fish to plants could result in wa-
ter quality conditions that may hinder plant growth. On the other hand, transferring
low amounts of water could result in accumulation of nutrients that may hinder fish
growth. Therefore, in the next section we analyse whether the water quality would
be adequate for fish and plant growth.
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3.3.4 Water quality

According to the simulation, concentrations of some soluble nutrients and suspended
matter can become limiting factors for the amount of water that can be sent from
RAS to HS.

RAS water quality

Simulated nutrient concentrations in water of the first FT are shown in Fig. 3.12.
These simulated concentrations contained high noise due to the recirculating na-
ture of the system and because mixing dynamics was not modelled. Therefore, the
resulting concentrations were filtered using an order 3 low pass Butterworth filter
(normalized critical frequency 0.05) applied in a forward-backward linear digital
filter (scipy functions signal.butter and signal.filtfilt). A comparison between filtered
simulated values and recommended levels is shown in Table 3.2.
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FIGURE 3.12: Simulated water quality in one fish tank (FT). A) TSS, Ca and Na.
B) NO3, Mg and TAN. Concentrations oscillate due to fish harvest every 45 days.

Once every 180 days the FT depicted is harvested, shown as a concentration drop to 0.
Ca, Na, and Mg concentrations are mainly governed by fresh water addition, therefore

they stabilize after starting up all 4 FTs. TSS, NO3, and TAN concentrations are
mainly governed by fish excretion, therefore they oscillate with each harvest.
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TABLE 3.2: RAS water quality (after one start-up year). Simulated minimum &
maximum values vs. recommended levels

Nutrient Simulated Recommended References
[mg/L] [mg/L]

TSS 73− 104 < 200 [1, 2, 3]
NO3 7.5− 9.0 < 300 [4]
NH3 0.023− 0.036 < 0.1 [5]
Ca 55− 60 50− 160 [4, 6]
Mg 5.5 < 15 [6]
Na 15 < 75 [6]
[1] Rakocy et al. (2004), [2] Dominguez et al. (2004)
[3] Ebeling and Vinci (2006), [4] DeLong et al. (2009)
[5] El-Shafai et al. (2004), [6] Timmons and Ebeling (2010)

During the start-up year, concentrations build up in the first FT and change sud-
denly every 45 days as tanks 2, 3, and 4 start operation. Afterwards, and every 180
days, the first FT is harvested. Once all 4 FT operate, one FT is harvested every 45
days. With every harvest, concentrations drop and subsequently build up with time
due to fish waste, resulting in the characteristic saw-tooth pattern of a RAS. Concen-
trations of Ca, Na and Mg show small oscillations because their levels are governed
by fresh water (their input is higher from fresh water than from fish feed).

Attention must be given to TAN levels, because in the form of unionized am-
monia (NH3-N) it is very toxic for fish. For tilapia, DeLong et al. (2009) suggested
to maintain NH3-N below 1 mg/L. However, El-Shafai et al. (2004), found nega-
tive effects of NH3-N on tilapia growth rate with long term exposure at concentra-
tions as low as 0.144 mg/L, and suggested levels below 0.1 mg L−1. NH3 concen-
tration depends on pH and TAN. Tilapia has been reported to grow best at pH
between 6− 9. However, nitrifying bacteria requires a minimum pH of 6.8. There-
fore, we assumed a controlled pH of 7.0 in the RAS. Under these conditions, based
on Ka = [NH3 − N][H+]/[NH+

4 − N] = 10−9.25, and assuming activity of water
equal to 1 (Metcalf-Eddy et al., 2014), the simulated TAN levels oscillating between
4.6− 6.5 mg L−1 after the start-up year, are equivalent to 0.023− 0.036 mg L−1 of
NH3-N. These levels are safe throughout the production cycle.

Attention must also be given to TSS levels, because the RAS only has one set-
tling tank to remove solids, as opposed to the combination of mechanical filter and
settling tank suggested in literature (Cripps and Bergheim, 2000). It has been sug-
gested to maintain TSS levels below 80 mg L−1 in RAS (Timmons and Ebeling, 2010).
Ebeling and Vinci (2006) reported growing fish in RAS with up to 100 mg L−1 TSS,
in absence of other stress factors. However, tilapia has a high tolerance to solids,
and it has been reported to grow at 200 mg L−1 (Dominguez et al., 2004) and up to
900 mg L−1 (Rakocy et al., 2004). We chose to aim for TSS levels below 200 mg L−1.
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HS water quality

Simulated nutrient concentrations in the NFT channels are shown in Fig. 3.13. A
comparison between simulated and recommended levels is shown in Table 3.3.

Attention must be given to NH4-N levels. Similarly to the NH3-N in the RAS,
its levels depend on TAN and pH, but in the case of tomato plants, we assumed
controlled pH at 6 (Rakocy et al., 2006). Simulated TAN levels oscillate between
4− 59 mg L−1 after 1 start-up year, equivalent to 56− 825 mg L−1 of NH4-N. Bor-
gognone et al. (2013) reported adverse effects on tomato production with decreased
ratios of NO3-N:NH4-N for N supply. They observed higher productivity with a
70:30 ratio. Based on this observation, and on the recommended levels for NO3-N,
we chose a maximum recommended concentration of 200 mg L−1 for NH4-N for
this study. Simulated levels exceed this maximum recommended level by a factor
of 4.

Attention must also be given to levels of Ca, Mg, and Na. Ca has been reported
to reduce K and Mg uptake, but tomato production was achieved at Ca levels up to
20 mM (800 mg L−1) (Paiva et al., 1998; Yamazaki et al., 1999). Mg has been reported
to reduce fruit yield at 1 mM (24 mg/L), but under saline conditions negative effects
appeared only at 5 mM (121.5 mg/L) (Carvajal et al., 1999). Na levels have been
reported to cause stress on tomato plants at 50 mM (1150 mg L−1), but seedlings have
been grown for 37 days with up to 100 mM Na with no significant differences from
50 mM Na nutrient solution (Shiyab et al., 2013). Simulated Ca levels exceed the
maximum concentrations found in literature by up to a factor of 10, and simulated
Na is close to stress levels.

Although the water and nutrient balances suggest the possibility to increase the
number of plants and the amount of water provided by the RAS, excess of Ca, Mg,
and Na present limiting factors for the system. In the next section, different strate-
gies to operate the water supply from RAS to HS are evaluated.
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FIGURE 3.13: Simulated water quality in one NFT channel. A) Ca, TSS, Na,
and K. B) Mg, NO3, PO4, and TAN. The greenhouse stops production during

winter, shown as a concentration drop to 0. Plant requirements for P and K
are not covered from RAS water, therefore their levels are almost entirely
determined by the controlled addition of fertilizer (constant levels). Plant
requirements for N are partially covered by RAS, therefore its levels are
partly determined by the addition of fertilizer and remain stable. Plant

requirements for Ca, Mg and Na are provided in excess by RAS water and
they accumulate in the HS.

TABLE 3.3: NFT water quality.
Simulated maximum values vs. recommended levels.

Nutrient Simulated Recommended References
[mg/L] [mg/L]

NO3-N 160 151− 465 [1, 2, 3, 4]
NH4-N 56− 825 0.1− 200 [1, 2, 3, 4]
P 37 15− 66 [1, 2, 3, 4]
K 234 117− 380 [1, 2, 3, 4]
Ca 255− 7288 100− 800 [1, 2, 3, 4, 5, 6]
Mg 428 24− 104 [1, 2, 3, 7]
Na 32− 1713 < 1150 [8]
[1] Suhl et al. (2016), [2] Borgognone et al. (2013)
[3] Komosa et al. (2011), [4] Roosta and Hamidpour (2013)
[5] Zahedifar et al. (2012), [6] Paiva et al. (1998)
[7] Carvajal et al. (1999), [8] Shiyab et al. (2013)
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3.3.5 Response surface analysis. Selecting a management strategy

Water and nutrient balances from the previous sections suggested the possibility to
reduce water and fertilizer addition by increasing 1) the number of plants and 2) the
amount of water sent from RAS to HS. However, some concentrations in the FT
and in the NFT channels may (further) exceed recommended levels when doing so.
Therefore, we evaluated the effect of these system parameters on 1) Water consump-
tion and discharge, and fertilizer consumption (N and Mg), 2) Concentration of TSS
and NH3-N in FT as well as NH4-N, Ca, and Na in NFT channels. The objective was
to select an improved system size and management strategy.

The model was simulated for different numbers of plants and for different ST
cleaning intervals (related to the amount of water sent from RAS to HS). The number
of plants was simulated for 92− 768 plants, and the shortest ST cleaning interval
(∆tclean,min) was simulated for 0.5− 6.5 days. Both parameter ranges were split in
13 points, for a total of 169 simulations. The results are shown as contour plots of
Fig. 3.14.

Fertilizer consumption was only analysed for N and Mg because it can be re-
duced using RAS water (Fig. 3.14-left). Water quality was only analysed for the
components that resulted in (near) excessive levels when simulating the given sys-
tem configuration (Fig. 3.14-right).

Based on the contour plots in Fig. 3.14-left, it is first possible to determine that
maximum Ca and Mg concentrations cannot be brought down to recommended
levels. But it is still possible to decrease them using a lower number of plants (not
desirable for improved productivity) or a higher ST cleaning interval. We therefore
suggest to take additional measures to decrease Ca and Mg levels, such as filtration
or an alternative fresh water source. However, minerals in the given fresh water
source may be providing alkalinity that acts as a pH buffer, which may be the reason
why pH control is not needed after the BF (nitrification would normally result in a
pH drop).

Continuing with the analysis of the contour plots in Fig. 3.14-right, the main
limiting factors are the concentrations of TSS in the FT, and Na in the NFT channels.
To maintain TSS concentrations within recommended levels for fish (< 200 mg/L),
the shortest interval for cleaning of the ST must be smaller than 2 days. And to
maintain Na concentrations below excessive levels (< 2 mM or < 2300 mg/L), the
number of plants can only be increased to about 222 plants. Tomato plants may be
stressed at 1 mM of Na but, based on Fig. 3.13, it would only be expected to reach the
maximum simulated concentration during the last third of the plant growth period.
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FIGURE 3.14: Response surface analysis from simulations.
Left. Effect of the number of plants and cleaning interval of the settling tank (ST) on

yearly resource consumption. A) Fresh water addition to the system. B) Water
discharge from the post-purge tank (PP). C) Fertilizer addition to the mixing tank

(MT) for N. D) Fertilizer addition in the mixing tank (MT) for Mg. The given system
configuration operates with 192 plants, and a 0.5 day ST cleaning interval.

Right. Effect of the number of plants and cleaning interval of the settling tank (ST) on
maximum concentrations. A) TSS in the fish tanks (FT). B) NH3-N in the fish tanks
(FT). C) NH4-N, in the NFT channels. D) Ca in the NFT channels. E) Mg in the NFT
channels. F) Na in the NFT channels. The given system configuration operates with

192 plants, and a 0.5 day ST cleaning interval.

After fixing TSS and Na limits, the next limiting factors are NH4-N levels in the
NFT channels (Fig. 3.14-right), together with water consumption and discharge (Fig.
3.14-left). Lowering the shortest ST cleaning interval decreases NH4-N. However, it
increases both water consumption and discharge. Increasing the maximum cleaning
interval from 1.5 to 2 days could decrease water consumption by 150 m3/yr, but it
will not guarantee NH4-N levels for the NFT channels within recommended values.
However, they would still decrease with respect to the given system configuration,
from 825 to ca. 320 mg/L. Furthermore, based on the NFT water quality (Fig. 3.13),
TAN levels (and thus NH4-N) only peak during the first third of the plant growth
period and decrease afterwards. Therefore, it could be safe to operate at a 2 day ST
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cleaning interval.
Finally, fixing the HS size to 222 plants and the shortest ST cleaning interval to

2 days, fertilizer Na and Mg addition is reduced to the minimum (Fig. 3.14-left), and
NH3-N levels in the FT are still kept within recommended levels (< 0.1 mg/L) (Fig.
3.14-right).

It is important to notice that even if Ca and Na are decreased from the fresh water
input, which could allow for more plants, other variables would still get affected
by an increase in the number of plants. NH4-N levels in the NFT channels could
increase above the maximum recommended level (320 vs. 200 mg/L). Beyond 500
plants, consumption of fertilizer N would increase drastically (Fig. 3.14-right).

3.3.6 Operation under improved management strategy

The given aquaponic system size and management consisted of 192 plants and a
shortest ST cleaning interval of 0.5 day. We found a new management strategy con-
sisting of an increase to 222 plants (10 NFT channels with 22 plants each), and an
increase of the shortest ST cleaning interval to 2 day. This new management strategy
could improve the resource productivity and the water quality for fish and plants.

With the new management strategy, simulated tomato production increased from
4350 to 4990 kg yr−1. Water consumption decreased with respect to the given config-
uration, from 994 to 380 m3 yr−1 (272 m3 yr−1 in the RAS and 108 m3 yr−1 in the HS).
Waste water discharge from the PP decreased from 900 to 164 m3 yr−1. Fresh water
consumption in the HS becomes necessary due to the reduced water discharge from
the aquaponic system.

The simulated system productivity is summarized in Table 3.4. Water supply for
fish can be similar to current commercial RAS systems in the Netherlands (240 L kg−1

fish commercially). New developments in RAS such as denitrification could reduce
water supply even further, to 40 L kg−1 fish (Martins et al., 2010), but this could re-
duce N availability from fish to plants. Water supply for tomato can also be similar
to some commercial systems in the Netherlands (21 L kg−1 tomato). However, cur-
rent production in closed greenhouse system can operate using as little as 4L kg−1

tomato (Nederhoff and Stanghellini, 2010).
Nutrient supply to commercial greenhouse horticulture was calculated based on

the range of water supply (Nederhoff and Stanghellini, 2010) and recommended
levels for hydroponic solution. Simulated P and K requirements lie somewhere be-
tween the standard and high efficient closed greenhouse in the Netherlands. N Ca
and Mg requirements are one order of magnitude lower than those of commercial
systems.
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Recirculating water for the NFT could help decreasing further N, P, and K re-
quirements. However, due to the high concentrations of other nutrients, this may
result in stressful conditions for plant growth.

In summary, experimental-scale aquaponic production by the system in Abtsha-
gen can operate with a resource efficiency that competes with large scale commercial
production of tilapia and tomato in separate, specialized systems.

TABLE 3.4: Simulated resource productivity of the INAPRO aquaponic system in
Abtshagen in its given and improved management strategies, compared to

commercial RAS and greenhouse hydroponic production. INAPRO figures are
based on simulated results after 1 start-up year.

Resources Units INAPRO INAPRO Commercial References
given improved

Fresh water [L/kg f ish] 961 263 40− 240 [1]
Fresh water [L/kg tomato] ≈ 0 22 4− 21 [2]
N [mg/kg tomato] 1031 52 728− 3822 [3, 4]
P [mg/kg tomato] 305 305 28− 586 [3, 4]
K [mg/kg tomato] 2831 2831 782− 4105 [3, 4]
Ca [mg/kg tomato] 44 46 800− 4200 [3, 4]
Mg [mg/kg tomato] 8 9 292− 1351 [3, 4]
We do not compare water discharge and energy requirements to those in commercial systems
because the INAPRO system in Abtshagen did not introduce changes for those aspects
that could deviate from current production techniques.
[1] Martins et al. (2010). [2] Nederhoff and Stanghellini (2010)
[3] Ruijs (2011). [4] Sonneveld and Voogt (2009)

3.3.7 Analysis of the system configuration

The aquaponic system in Abtshagen has a small experimental size with unique char-
acteristics.

• Solids removal in the RAS is only done in 1 settling tank, aiming at a reduced
initial investment.

It has been suggested for a RAS to include a mechanical filtration unit, fol-
lowed by a secondary sedimentation unit (Cripps and Bergheim, 2000).

As a result of the single settling tank (ST), the RAS in Abtshagen requires fre-
quent cleaning and a large storage unit to store water for further use in the
HS: the post-purge tank (PP). Large residence times in the PP may have led to
anaerobic conditions which resulted in nitrogen losses by denitrifcation. Aer-
ation of in the PP could help solving this problem (Suhl et al., 2016).
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Commercial-scale RAS operating with both mechanical filtration and sedi-
mentation, would result in different water quality limitations when develop-
ing a management strategy.

• The RAS required no pH buffer during operation.

Controlling pH with buffers is frequently necessary after nitrification (Tim-
mons and Ebeling, 2010). But in the Abtshagen system, using fresh water with
high alkalinity may have helped controlling the pH.

Commercial-scale systems may require the addition of a pH buffer, leading to
higher concentrations of Na, Ca or K, depending on the buffer choice, which
would also result in different water quality limitations when developing a
management strategy.

3.3.8 Limitations of the model

This model assumed ideal growth for both fish and plants, provided by expert man-
agement. However, any deviation from ideal growth, could result in changes on
the nutrient balances. These changes may require different parameters for the water
and nutrient management strategy.

Plant nutrient uptake was modelled based on mineral composition of fruits, as-
suming that vegetative parts have the same composition and uptake. Therefore,
predicted nutrient uptake may differ from reality during vegetative growth.

Settling of suspended solids was modelled linearly with respect to their mass in
a tank. This could hold for low concentrations. But increased concentrations may
result in lower settling than predicted.

Except for the BF, (bio)chemical reactions were neglected.
Measures for pH control were not modelled, such as addition of salts to increase

alkalinity after nitrification in the BF.
The model was developed using a system-level approach and it was based on

one existing aquaponic system. Further work is necessary to provide the model
with more flexibility for the analysis of other systems. Particularly, detailed dynam-
ics could improve the modularity of each component, allowing to change the overall
system configuration while maintaining reliability in the simulations. To improve
modularity, we suggest to model mixing dynamics in the tanks, particle size dis-
tribution effect on solids removal, effects of water quality on fish and plants, and
possible reactions outside of the nitrification biofilter.

Finally, our selection for a management strategy was based on the response to 2
parameters. This allows to visualise the presence of local minima. To evaluate mul-
tiple parameters, we suggest the use of numerical algorithms for sensitivity analysis
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and optimisation (up to 5 parameters). This would first require the development of
an objective function comprising water quality parameters and resource efficiency.

3.4 Conclusions

The main challenge in the development of aquaponics consists in balancing the re-
quirements for growth of different species.

We developed a dynamic mathematical model with a system-level approach to
understand water and nutrient dynamics, and improve resource efficiency. The
model describes the dynamics of an existing aquaponic system with two connected
loops based on the INAPRO configuration. Model simulations allowed to identify
the operation parameters that have a significant impact on resource efficiency: num-
ber of plants and frequency of water exchange from fish to plants.

Sending more water from fish to plants can help reducing water and fertilizer
consumption. However, it may also result in excessive concentrations of some nu-
trients, which may stress fish, plants or both. We developed a management strat-
egy that achieved a balance between resource efficiency and water quality. With
this strategy, we demonstrated the possibility to re-size and operate an existing
aquaponic system in a way that improves its resource efficiency while maintaining
the required water quality conditions.

Based on our simulations, water supply in the aquaponic system for fish and
plant production (263 L kg−1 fish and 22 L kg−1 tomato) is similar to commercial
RAS and greenhouse hydroponic systems. N, Ca, and Mg supply for plant produc-
tion (52, 46 and 9 mg kg−1 tomato, respectively) was one order of magnitude lower
than in commercial systems. P and K supply was similar to current commercial
systems.
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3.5 Appendix

Plant growth calibration

Calibration was done on the solution of the differential equation:

dmveg

dt
= µ mveg (1− mveg/mveg,max) (A3.1)

mveg =
nplt mveg,max mveg,0 eµ(t−t0,veg)

mveg,max + mveg,0

(
eµ(t−t0,veg) + 1

) (A3.2)

The function was fitted to the final mass mveg,max obtained in the Abtshagen site.

Fruit growth calibration

Fruit growth was modelled based on a least-squares, second order polynomial re-
gression from data of average fruit harvest collected in the demonstration system in
Abtshagen:

m f ru = nplt Yf ru [p1, f ru
(
t− t0, f ru

)2
+ p2, f ru

(
t− t0, f ru

)
] (A3.3)

FIGURE A3.1: Least-squares regression for fruit production to a second order
polynomial function. Data from Suhl (2015).
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Plant water uptake calibration

Water uptake by the plants was modelled based on a least-squares, third order poly-
nomial regression from data of cumulative plant water uptake (Vpl) in the demon-
stration system in Abtshagen, which allows to calculate the water uptake for each
time-step (φv,pl)

Vw,plt = nplt Yf ru mveg,max [p1,w
(
t− t0,veg

)3

+ p2,w
(
t− t0,veg

)2
+ p3,w

(
t− t0,veg

)
]

(A3.4)

φv,plt = Vw,pl (t + 1)−Vw,plt (t) (A3.5)

FIGURE A3.2: Least-squares regression for cumulative water uptake to a third order
polynomial function. Data from Suhl (2015).
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Mass balances

TABLE A3.1: Mass balances for the models of each module (unit) in the aquaponic
system (Eqn. 3.1). Variable names in each module are independent, even if shared

between modules.

Module d/dt φin φout

FT V φv,in + φv, f rs φv,out + φv,hrv + φv, f sh
mS CS,inφv,in + φS, f sh + CS, f rsφv, f rs (mS/V) φv,out + (mS/V) φv,hrv
mTSS CTSS,inφv,in + φTSS, f sh (mTSS/V) φv,out + (mTSS/V) φv,hrv

ST V φv,in φv,out + φv,slg
mS CS,inφv,in (mS/V) φv,out + (mS/V) φv,slg
mTSS CTSS,inφv,in + φrsp (mTSS/V) φv,out + φret + φv,slg
mTSS,set φret + φrsp mTSS,set φv,slg

PS V φv,in + φv, f ilt + φv, f rs φv,out
mS CS,inφv,in + CS, f ltφv, f lt (mS/V) φv,out

+CS, f rsφv, f rs
mTSS CTSS,inφv,in + CTSS, f ltφv, f lt (mTSS/V) φv,out

BF V φv,in + rH2O ABF/ρH2O
† φv,out + φv, f lt

mS CS,inφv,in + rTAN ABF
† (mS/V) φv,out + (mS/V) φv, f lt

mTSS CTSS,inφv,in (mTSS/V) φv,out + (mTSS/V) φv, f ilt

PP V φv,slg + φv,hrv φv,out + φv,dis
mS CS,slgφv,slg + CS,hrvφv,hrv (mS/V) φv,out
mTSS +CTSS,hrvφv,hrv (mS/V) φv,out + φret

MT V φv,in + φv, f rs φv,out
mS CS,inφv,in + CS, f rsφv, f rs + φ f rt (mS/V) φv,out
mTSS CTSS,inφv,in (mTSS/V) φv,out

NFT V φv,in φv,plt + φv,dis
mS CS,inφv,in φS,plt + (mS/V) φv,dis
mTSS CTSS,inφv,in (mTSS/V) φv,out

† We assumed that a chemical reaction only takes place in the BF (nitrification).
For simplicity, this term is added in the inflow column.
Stoichiometric coefficients in Table A3.3 reflect production and consumption.
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Auxiliary equations

TABLE A3.2: Auxiliary equations for the mass balances of each mod-
ule in the aquaponic system. Variable names in each module are

independent, even if shared between modules.

Module Auxiliary equations

FT φS, f sh = kS, f ed kS,exc φ f ed

φTSS, f sh = kTSS,exc φ f ed

φ f ed = FCR ∆m f sh/∆t
φv, f sh = kwater, f sh∆m f sh/∆t
FCR = FCR0 + kFCRt if t in ∆tgrowth else 0

m f sh = n f sh
(

p1, f sht2 + p2, f sht + m0, f sh
)

if t in ∆tgrw else 0

ST φset = kset mTSS

φresusp = krsp mTSS,set i f t = tcln else 0

PS φv,out = 2φv,in,RT

BF rH2O = ξH2OrTAN

rTAN = kTAN CTAN,in

ξH2O = MH2O/MN (ratio of molecular weights)
φv,out = φv, f lt = φv,in,RT

PP φset = kset mTSS

MT φ f rt =
(
CS,req − CS,NFT

)
VNFT/∆t

NFT Vw,plt see Eqn. A3.4

φv,plt see Eqn. A3.5

φS,plt = kS,plt
(
∆mveg/∆t + ∆m f ru/∆t

)
dmveg/dt = µvegmveg

(
1−mveg/mveg,max

)
dm f ru/dt = npltYf ru

[
2p1, f ru(t− t0, f ru) + p2, f ru

]
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Parameters

TABLE A3.3: Parameters values used to model the aquaponic system.

Module Parameter Value Units Description

FT V 1.84 m3 Max. volume of a fish
tank

φv,in 3.68 m3/hr Recirculating water
flowrate

∆tgrw 180 day Fish growth period
kw, f sh 0.8 kg/kg Water content in fish mass
n f sh 175 - Number of fish per tank
m0, f sh 0.01 kg Initial mass of one fish
p1, f sh 1.89× 10−3 kg/day2 Parameters for fish

growth
p2, f sh 6.41× 10−4 kg/day (estimated)
FCR0 0.8 kg/kg Initial feed conversion

ratio
kS, f ed (0.064, 0.010,

0.003, 0.010,
0.001, 0.002)

kg/kg Feed dry mass content
(N, P, K, Ca, Mg, Na)

kS,exc (0.32, 0, 0.02,
0.47, 0.14, 0.06)

kg/kg Mass excreted per
mass of nutrient eaten
(N, P, K, Ca, Mg, Na)

kTSS,exc 0.25 kg/kg Mass excreted per mass of
feed eaten

ST V 1.32 m3 Volume
kset 0.97 1/day Solids settling constant
krsp 0.97 1/day Solids resuspension con-

stant (during cleaning
only)

PS V 2.38 m3 Volume

BF kTAN 2.18× 10−3 m3/m2/day Reaction constant for
TAN (linear)

A 1020.4 m2 Surface area of the
biofilter (V = 2.29m3,
a = 445m2/m3)

PP V 9 m3 Volume
kset 1.8 1/day Solids settling constant
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operation of an aquaponic system

TABLE A3.4: Parameters values used to model the aquaponic system (continued).

Module Parameter Value Units Description

MT V 1.1 m3 Volume
CS,req (151, 37, 234, 128, 24)mg/L Target concentration for

plants (N, P, K, Ca, Mg,
Na)

NFT V 0.3 m3 Volume per NFT channel
nplt 192 - Total number of plants
Yf ru 22.72 kg Fruit yield per plant
µveg 0.05 1/day Plant (logistic) growth

rate
mveg,max 2.5 kg Maximum vegetative

mass per plant
p1,w −1.46× 10−9 m3/kg/day3 Parameters for
p2,w 6.75× 10−7 m3/kg/day2 plant water uptake
p3,w −7.25× 10−6 m3/kg/day (estimated)
t0,veg 28 day Start time for plant

growth (days after
01/Jan)

tend,veg 339 day End time for plant growth
(days after 01/Jan)

kS,plt (140, 26, 252, 9.8,
9.7, 5.2) ×10−5

- Mass fraction of fruits (N,
P, K, Ca, Mg, Na)

p1, f ru −9.51× 10−6 1/day2 Parameters for
p2, f ru 6.49× 10−3 1/day fruit growth (estimated)
t0, f ru 104 day Start time for first harvest,

days after 01/Jan

WT CS, f rs (3.1, 0.04, 0.054,
2.4, 115.0, 11.2,
30.1)

mg/L Concentrations in fresh
water (NO3, TAN, P, K,
Ca, Mg, Na)
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Set-membership parameter estimation
based on Voronoi vertices
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Abstract

Identification of complex systems often face structural modelling errors and limited
or low quality data, which hinder statistical characterisations. An alternative is the
set-membership approach, where errors are assumed unknown-but-bounded. Set-
membership estimation aims to find a feasible parameter set (FPS), which produces
model outputs that fit within given error bounds. Most algorithms are limited to
linear models, small number of parameters, or to discrete approximation of the FPS.
These limitations hinder parameter estimation for relatively complex systems.

We present an efficient sampling-based set-membership algorithm with low com-
putational complexity that improves the coverage of a discrete approximation of the
FPS, characterised by hyperspheres from a Voronoi diagram of the parameter space.
Additionally, we suggest a measure for set-membership accuracy based on devia-
tions between the given error bounds and the feasible model output set (FMOS).
Our algorithm provides a balance between accuracy and computational complexity,
and a tool to investigate practical identifiability.

https://doi.org/10.1016/j.envsoft.2021.105125
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4.1 Introduction

Mathematical models for biological and environmental systems often combine a pri-
ori knowledge and experimental data, requiring a calibration step to estimate the
unknown parameters. Frequently, uncertainty of parameter estimates is based on a
statistical characterisation of the error in experimental data.

However, biological and environmental systems often present the problems of
structural modelling error, and limited availability or low quality of experimental
data sets. Therefore, most often a statistical characterisation of the error is inappro-
priate (Norton, 1987; Keesman, 1990; Walter and Piet-Lahanier, 1990).

In this context of structural modelling error with limited and uncertain data,
an alternative to the statistical characterisation is a so-called set-membership (SM)
characterisation, where the errors are assumed to be unknown-but-bounded. In the
SM approach, ranges of expected system outputs are predicted, instead of single
values. These ranges account for the effect of uncertainty in data and model outputs
(Norton, 1987; Keesman, 1990; Walter and Piet-Lahanier, 1990; Milanese et al., 1996;
Diniz, 2013).

Given a p-dimensional parameter vector ϑ, and the error between measurement
y and model output f (ϑ) defined as e(ϑ) := y− f (ϑ), in a set-membership approach
the error is assumed to be point-wise bounded by a fixed positive number, i.e.
‖e(ϑ)‖∞ ≤ ε. Within the SM approach, set-valued estimation algorithms aim to find
an exact or approximate feasible parameter set (FPS). The FPS produces model out-
puts that fit inside the error bounds at all times: FPS := {ϑ ∈ Rp | ‖y− f (ϑ)‖∞ ≤ ε}
(Milanese et al., 1996; Keesman, 2011; Cerone et al., 2014) (Fig. 4.1).

The simplest SM algorithms are based on models that are linear in the param-
eters. This type of algorithms is used in signal processing for e.g. adaptive filter-
ing, providing reduced computational complexity by updating parameter estimates
only when error bounds are exceeded (Diniz, 2013). Applying these methods to
non-linear models, common in biological and environmental systems, would intro-
duce additional linearisation steps.

In contrast, SM parameter estimation of non-linear dynamic systems is frequently
applied to solve the problem of uncertain and limited data. Common algorithms
rely on either interval-based or sampling-based methods.

For example, using an interval-based method, Marvel and Williams (2012) pro-
posed a framework for SM estimation and experimental design to deal with small
data sets in biological systems, based on set inversion via interval analysis (SIVIA)
(Jaulin and Walter, 1993). Similarly, Rumschinski et al. (2010) proposed a parti-
tion algorithm for SM estimation and model invalidation to discriminate between
competing models in biochemical reaction networks. Interval-based algorithms can
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FIGURE 4.1: Set-membership (SM) parameter estimation.
A) Uncertainty in measured experimental data (y) for each measurement instant

(k) is defined by the error bounds of interval [yk − ε, yk + ε]. B) Some points in the
space (Rp with p = 2) represent a parameter vector (ϑ) that produce model
outputs that fit within the error bounds for all measurement instants (k). C)

Example of a feasible model output f (ϑ) fitting within the bounds:
‖y− f (ϑ)‖∞ ≤ ε. The objective in SM estimation is to characterise the set

containing all feasible ϑ in Rp, known as the feasible parameter set (FPS), with its
corresponding feasible model output set (FMOS).

characterise the FPS for linear and non-linear models, and are capable of charac-
terising non-convex parameter sets (Rumschinski et al., 2010), common in biologi-
cal and environmental systems. The FPS characterised by interval-based methods
is a collection of boxes with sizes determined by a desired accuracy. In general,
they consist of a large number of boxes (hypercubes) that define the FPS boundary
(ca. 20,000 boxes for a Lotka-Volterra test model with two estimated parameters by
SIVIA (Marvel and Williams, 2012)). The number of boxes increases with the num-
ber of parameters and when higher accuracy is required (Jaulin and Walter, 1993).
Furthermore, the number of model evaluations is proportional to the number of
boxes characterising the FPS, resulting in an exponential computational complexity
with respect to the number of parameters (Raïssi et al., 2009), i.e. a computational
time with an order O(n(boxes)p).

The FPS characterised by interval-based methods provides an accurate mathe-
matical description that can be used to simulate a model and its prediction uncer-
tainty. However, defining a large number of boxes and simulating from them is
computationally demanding.
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In other examples, using sampling-based methods, Keesman (1990) proposed
the characterization of the FPS by ellipsoids for more effective sampling. Van Straten
and Keesman (1991) applied the so-called Monte Carlo set-membership algorithm
(MCSM) to calibrate a model for lake eutrophication, and to simulate its prediction
uncertainty from the resulting discrete FPS. Similarly, Nurulhuda et al. (2017) ap-
plied a Latin hypercube SM algorithm for a flooded rice system, returning a discrete
approximation of the FPS in a six-dimensional space by means of relaxation of the
error bounds. Given a fixed sample size per iteration, these algorithms have a linear
computational complexity irrespective of the number of parameters, i.e. a compu-
tational time with an order O(n(sample)).

The FPS characterised by sampling-based methods is less computationally de-
manding than interval-based methods. However, random sampling may require a
large number of iterations. Therefore, low computational times and a full coverage
of the FPS cannot be guaranteed.

Additionally, models of complex biological and environmental systems are often
split into sub-models, see for example Van Straten and Keesman (1991), Mohtar et
al. (1997), Mocenni and Vicino (2006), and Reyes Lastiri et al. (2018). Uncertainty in
the parameter estimates often propagates through sub-models.

In uncertainty propagation studies, the statistical approach uses methods such
as first-order variance propagation or Monte Carlo simulation. First-order variance
propagation is hindered by the non-linearity of complex systems. Similarly, Monte
Carlo simulation, which requires sampling from a probability density function (pdf ),
is hindered by the uncertain and limited nature of experimental data, which may
lead to inadequate pdf characterisation.

Alternatively, in the SM approach, interval-based methods preserve the uncer-
tainty characterization from the calibration step, but they are hindered by compu-
tational complexity. In contrast, sampling-based methods have less computational
complexity, but simulating a discrete FPS without full coverage, and extending dis-
crete feasible model output trajectories in time beyond the calibration interval, may
lead to falsified predictions with underestimated uncertainty.

Consequently, given the aforementioned limitations, it is desired to have an effi-
cient sampling-based algorithm that closely approximates the FPS, while prevent-
ing underestimation and overestimation of uncertainty propagation.

Therefore, the objective was to investigate and evaluate a novel set-membership
estimation algorithm that meets the requirements of an uncertainty propagation
study of complex systems with limited or low quality data.
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4.2 Methods

The proposed sampling-based SM estimation algorithm aims at efficiently charac-
terising an approximate FPS, using a relatively low number of elements. Addition-
ally, deviations from error bounds are quantified. The algorithm was evaluated in
four test cases.

The algorithm was developed in Python 3.5, using the SciPy functions for De-
launay triangulation and Voronoi diagrams based on the Qhull library (Barber et
al., 1996). The algorithm tests were run in the IPython console of WinPython 3.5
in an Intel Core i7-4790 CPU computer at 3.60 GHz with 16.0 GB RAM operating
on Windows 7. The models were simulated with the ’odeint’ function in the SciPy
package (v. 0.18.1) of Python using its default parameters.

4.2.1 Algorithm

We propose characterizing the approximate FPS based on (hyper)spheres centred at
Voronoi vertices. Parameters are assumed time-independent. The Voronoi diagram
is generated using all known unfeasible parameter vectors as seeds, thus excluding
them by definition.

Using spheres, complex FPS shapes can be approximated by two data vectors:
centre coordinates (c) and corresponding radii (r). Therefore, non-convex parameter
sets from non-linear models can be characterised with a relatively low number of
elements.

Random sampling from spheres of the characterised FPS is computationally sim-
ple, and can then be used to simulate the model for t ∈ [0, T], where T is the fi-
nal simulation time, including the calibration time interval. Such sampling-based
method from a low number of elements allows for relatively low computational
times.

Convergence of the algorithm is not defined in the parameter space Rp, but in
the model output space in terms of deviations between the approximate feasible
model output set (FMOS) and the data error bounds for all measurement instants.
In this way, although sampling-based, the algorithm tries to prevent under- and
overestimation of prediction uncertainty.

Voronoi diagram and Delaunay triangulation

In a Voronoi diagram (Fig. 4.2), a space is partitioned into regions based on the
distance to a specified set of points. For each of these points, called seeds, there
is a corresponding Voronoi region (- -) where any point is closer to its seed than
to any other seed. The Voronoi diagram for a set of points is dual to its Delaunay
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triangulation (—). In a Delaunay triangulation no point is inside the circumcircle of
any triangle. The triangle circumcentres are also the Voronoi vertices. Our algorithm
is based on a Voronoi diagram from the collection of all known unfeasible parameter
vectors, thus excluding them from the approximate FPS.

Points (seeds)
Circumcentres
(Voronoi vertices)

Voronoi diagram
Delaunay
triangulation

FIGURE 4.2: Voronoi diagram and Delaunay triangulation. The calculated
Voronoi vertices are also circumcentres of circles that do not contain any of the

given set of points (seeds).

Definitions

For the algorithm implementation, we define ϑF and ϑU as a feasible and unfeasible
parameter vector, respectively. ΩϑF and ΩϑU are then the collections of all known
feasible and unfeasible parameter vectors.

We also define Sϑ as a random sample of parameter vectors from the set of
spheres in Rp. These sampled parameter vectors are evaluated individually to split
the sample into a feasible SϑF and an unfeasible SϑU set of parameter vectors.

Furthermore, we define two types of deviations to measure accuracy of the ap-
proximate FPS at each measurement instant k. Overestimation (OEk) is the maxi-
mum deviation between model output f (ϑ) and error bounds, related to ϑU sam-
pled in the FPS. Similarly, underestimation (UEk) is the maximum deviation be-
tween model output f (ϑ) and error bounds, related to all known ϑF. Thus, for
measurement instants k = 1, ..., M, we define:

OEk := max
iU

[
f (ϑU,iU)k − (yk + ε)

]
+ max

iU

[
(yk − ε)− f (ϑU,iU)k

]
UEk := min

iF

[
(yk + ε)− f (ϑF,iF)k

]
+ min

iF

[
f (ϑF,iF)k − (yk − ε)

] (4.1)
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Notice that OEk is calculated for a sample of unfeasible parameters with size
n(SϑU) obtained from the approximate FPS in each iteration, i.e. iU = 1, ..., n(SϑU).
In contrast, UEk is calculated for the set of size n(ΩϑF) of all known feasible pa-
rameters up to the current iteration, i.e. iF = 1, ..., n(ΩϑF). Fig. 4.3 illustrates these
definitions.

Total OE and UE are defined as the sum of deviations for all measurement in-
stants (M):

OE := ∑M
k=1 OEk

UE := ∑M
k=1 UEk

(4.2)

Finally, we define the scalar-valued weighted deviation (WD) from OE and UE.
OE is weighted for the number of ϑU found in a sample inside the collection of
spheres (SϑU ,in) at the corresponding iteration. UE is weighted for the number of
ϑF found in a sample outside but near the collection of spheres (SϑF,out) at the corre-
sponding iteration. Consequently:

WD :=
[
n(SϑU ,in)/n(Sϑ,in)

]
OE +

[
n(SθF,out)/n(Sϑ,out

]
UE (4.3)
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FIGURE 4.3: Overestimation (OE) and underestimation (UE).
At each measurement instant k, bounds are given by yk + ε and yk − ε. An example of
feasible ( f (ϑF)) and unfeasible ( f (ϑU)) model outputs is shown at k = 50. OEk shown

for k = 100 is the sum of deviations outside the data error bounds. UEk shown for
k = 200 is the sum of deviations inside the data error bounds. Convergence of the

algorithm is based on reducing OEk and UEk for all k, to a given tolerance value for
the total weighted deviation (WDtol).
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Implementation

The algorithm consists of a main function ’Estimate’ and four sub-functions: ’Initial-
ize’, ’Generate spheres’, ’Sample’, and ’Evaluate’. Implementation in pseudocode is
shown in Algorithms 1 and 2. The functions are illustrated in Fig. 4.4 and described
below. Supporting functions are provided in Algorithm A4.1 in the Appendix of
this chapter. The approximate FPS is characterised by sets of centers and radii of
spheres (c, r).
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FIGURE 4.4: Algorithm functions. Example on a parameter space Rp with p = 2.
1) Latin hypercube sampling is applied on Rp. Normalization of Rp helps
enclosing the approximate FPS near the interval [0,1] for all coordinates.

2) A Voronoi diagram is generated with ΩθU as seeds. Subsequently, spheres are
generated with centres in Voronoi vertices. In the first iteration, only θU

circumscribed in the approximate FPS spheres are kept.
3) Two samples are obtained from the approximate FPS. The first sample inside
the sphere set (Sθ,in) searches for new θU . The second sample outside the sphere

set (Sθ,out) searches for new θF at a distance up to 2r from each sphere.
4) Both samples are evaluated and split into feasible (Sθ,F) and unfeasible (Sθ,U),

and appended to ΩθF and ΩθU , respectively. Subsequently, OE and UE are
calculated to determine WD (Eqn. 4.3).
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Algorithm 1 VorSetMembership

Require: Ωϑ,ini, n(ΩθF ,ini), WDtol , ymin, ymax

function ESTIMATE FPS(Ωϑ,ini)
ΩθF , ΩθU , ϑmin, ϑmax ← INITIALIZE(Ωϑ,ini)
while WD < WDtol do

c, r, ΩθF ← SPHERE SET(ΩθF , ΩθU )
Sin, Sout ← SAMPLE(c, r, n(S))
ΩθF , ΩθU , WD ← EVALUATE(Sin, Sout)

end while
return c, r

end function

function INITIALIZE(Ωϑ,ini, n(ΩθF ,ini))
while n(ΩθF) < n(ΩθF ,ini) do

Sϑ ← LHCS(Ωϑ,ini) . Latin Hypercube Sampling
for ϑ in Sϑ do

if ymin,k ≤ f (ϑ)k ≤ ymax,k ∀ k then
ΩϑF ← append(ϑ)

else
ΩϑU ← append(ϑ)

end if
end for

end while
ϑmin, ϑmax = min

j
(ΩϑF,j), max

j
(ΩϑF,j) . Min and Max of each coordinate j

ΩθF , ΩθU ← NORMALIZE(ΩϑF , ΩϑU , ϑmin, ϑmax) . Normalize to [0,1] (Algorithm A4.1)
return ΩθF , ΩθU , ϑmin, ϑmax

end function

function GENERATE SPHERES(ΩθF , ΩθU )
VP, VV ← VORONOI(ΩθU ) . One point VP matching each vertex VV . [1]
c, r ← VV , ‖VP −VV‖2
c, r ← OPT FILTER(c, r) . Remove small, large, and distant spheres (Algorithm A4.1)
cθF ← CDIST(c, θF)/r . 0,1 matrix of θF per sphere [2]
c, r ← FILTER(c, r) . Remove empty and redundant spheres (Algorithm A4.1)
return c, r

end function

function SAMPLE(c, r, n(S))
for ci, ri in c, r do

n(Si)← n(S) (ri/SUM(r))
Sθ,in, Sθ,out ← SAMPLE RING(ci, ri, n(Si)) . [3]
Sθ ← Sθ where

∥∥Sθ − cii 6=i
∥∥

2 > rii 6=i . Removes θ contained also in spheres 6= i
end for
return Sθ,in, Sθ,out

end function
[1] The SciPy community (2018c). [2] The SciPy community (2018b). [3] Madan (2017)



68 Chapter 4. Set-membership parameter estimation based on Voronoi vertices

Algorithm 2 VorSetMembership continued
function EVALUATE(Sθ,in, Sθ,out)

Sϑ,in, Sϑ,out ← NOMINAL(Sθ,in, Sθ,out, ϑmin, ϑmax)
SϑF , SϑU ← ∅
for ϑ in Sϑ,in do

if not ymin,k ≤ f (ϑ)k ≤ ymax,k ∀ k then
SϑU ← append(ϑ)

end if
end for
for ϑ in Sϑ,out do

if ymin,k ≤ f (θ)k ≤ ymax,k ∀ k then
SϑF ← append(ϑ)

end if
end for
ΩϑF , ΩϑU ← append(SϑF, SϑU )
WD ← WD(OE(SϑU ), UE(ΩϑF)) . Eqs. 4.1 - 4.3
ΩθF , ΩθU ← NORMALIZE(ΩϑF , ΩϑU , ϑmin, ϑmax) . Algorithm A4.1
return ΩθF , ΩθU , WD

end function

1) Initialize (Fig. 4.4.1): The sample set is initially defined as a (hyper)cube grid
(Ωϑ,ini). Latin hyper-cube sampling is applied iteratively on the grid Ωϑ,ini, evaluat-
ing Nini points per iteration. Sampled points are evaluated as feasible or unfeasible,
initializing the sets ΩϑF and Ωϑ,U. Sampling and evaluation continues until a de-
sired size of ΩϑF is obtained. The sets are subsequently normalized to ΩθF and ΩθU

based on the minimum and maximum feasible coordinates found in the sample.
Normalization helps maintaining the approximate FPS near the range [0,1] for all
parameters. If not enough ϑF or ϑU are found, the algorithm must be restarted. This
step is purely random, and therefore governed by the choice of parameter ranges.
To decrease randomness, it is best to have prior knowledge on the model behaviour,
and parameters with physical meaning (constrained to a certain region). If no prior
knowledge is available, a large Ωϑ,ini with large Nini can be used, which is subse-
quently narrowed by trial and error using this step alone.

2) Generate spheres (Fig. 4.4.2): A Voronoi diagram is generated using the
SciPy function ’scipy.spatial.Voronoi’ (The SciPy community, 2018c), with ΩθU as
seeds. The Voronoi vertices generated constitute sphere centres. By definition, those
spheres exclude any known θU. Given minimum and maximum radii (rmin, rmax),
and constraints based on prior knowledge (ϑmin, ϑmax), an optional filter can be ap-
plied to remove spheres with r < rmin and r > rmax, and spheres with any centre
coordinate cj < ϑmin,j and cj > ϑmax,j. Subsequently, spheres that do not contain
any θF are removed. Finally, redundant spheres are also removed, i.e. spheres con-
taining only θF included in larger spheres. These filters ensure that the number of
spheres is kept low and their size is kept large, reducing memory use. In the first
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iteration, the set ΩθU is reset to contain only θU on which spheres with θF are cir-
cumscribed. This reduces the amount of data stored and focuses the next steps on
the region where θF are found.

3) Sample (Fig. 4.4.3): Two random uniform samples of parameter vectors with
size n(S) are obtained from the set of spheres. Both samples are achieved by com-
bining a normal distribution and its inverse (Madan, 2017). The first sample (Sθ,in)
is obtained inside the spheres to search for new θU. The second sample (Sθ,out) is
obtained in a ring outside but near the spheres, with radii ranging from r to 2r, to
search for new θF. Redundant θ sampled from overlapping spheres are discarded,
helping both samples to concentrate near the approximate FPS boundary to im-
prove its accuracy.

4) Evaluate (Fig. 4.4.4): Feasibility of sampled parameter vectors is evaluated
for both samples Sθ,in and Sθ,out. Weighted deviation (WD) is calculated from Eqn.
4.3. The algorithm stops if WD ≤ WDtol. Otherwise, unfeasible parameter vectors
found inside the approximate FPS (Sθin,U ) are appended to the set ΩθU , feasible pa-
rameter vectors found outside the approximate FPS (Sθout,F) are appended to the set
ΩθF , and a new iteration starts.

4.2.2 Test model cases

The algorithm was tested in four cases based on three non-linear dynamic mod-
els with biological and environmental components: a Lotka-Volterra population
model, a microbial growth and degradation with under Monod kinetics, and the
grass growth model in GRASIM (Mohtar et al., 1997).

For each case, artificial noisy measurements were generated around the base
model outputs using a zero-mean uniform distribution with ε = (1/4)ȳ, where ȳ
is the time-averaged value of the model output. All model cases were initialized in
parameter space [0.5ϑ∗, 1.5ϑ∗], where ϑ∗ is the vector of nominal, reference param-
eter values used to generate the artificial noisy measurements. The initial number
of feasible parameter vectors required was n(ΩϑF,ini) = 15. Sampling size for each
iteration was: n(Sθ,in) = n(Sθ,out) = 50. Details for each test case are provided in Ta-
ble 4.1. See the Appendix of this chapter for a list of symbols and parameter values
for each model.
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TABLE 4.1: Description of the test model cases.

Case Bounded Estimated WDtol
states parameters

(1) Lotka-Volterra x1 p2, p4 0.005
(2) Lotka-Volterra x1, x2 p2, p4 0.005
(3) Monod X µmax, KS, Y, kd 0.5
(4) GRASIM WDM a, β, k, φ 0.5

Lotka-Volterra

The Lotka-Volterra model is a canonical biological model that describes the dynam-
ics of predator-prey populations. It is represented by the differential equations:

ẋ1 = x1 (p1 − p2x2)

ẋ2 = −x2 (p3 − p4x1)
(4.4)

where the states are prey (x1) and predator (x2) populations, and the four parameters
(p) represent rates of population change due to growth, death, and predation. This
model has been used previously to test algorithms for set-membership parameter
estimation (Marvel and Williams, 2012; Raissi et al., 2004).

We used the Lotka-Volterra model to analyse the algorithm behaviour on two
identifiable cases: bounding one state (x1) and two states (x1, x2).

Growth with Monod kinetics

Microbial growth and degradation with Monod kinetics is represented by the dif-
ferential equations:

Ṡ = −µmax
X
Y

S
KS+S

Ẋ = µmax
S

KS+S X− kdX
(4.5)

where the states are concentrations of substrate S and bacteria X, with interac-
tions described by four parameters related to growth, decay, yield efficiency, and
substrate limitation.

The Monod kinetics is theoretically identifiable from noise-free measurements,
but its parameters cannot be uniquely identified from noisy measurements (Holm-
berg, 1982). Therefore, we used this model to analyse the algorithm behaviour on
one unidentifiable case.
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GRASIM

The grass growth model in GRASIM splits the plant into components for storage
and structure (Mohtar et al., 1997):

Ẇs = fP − fSR − fG − fMR

Ẇg = fG − fS

WDM = Wg/0.4

(4.6)

with carbon mass flows for photosynthesis ( fP), shoot respiration ( fSR), structure
growth ( fG), maintenance respiration ( fMR), and senescence ( fS). The model output
(WDM) is the dry matter of plant structure mass, assuming 40% C content in dry
matter. See the Appendix of this chapter for the detailed model.

We used the GRASIM model to test the applicability of our algorithm on a larger
model, aiming towards implementation in biological and environmental systems.

Commonly, estimating multiple parameters in one model is preceded by a sen-
sitivity analysis, to find the most dominant parameters. If however, more than four
dominant parameters are found, the computational complexity of the algorithm will
further increase for a given WDtol and FPS coverage. Consequently, for higher di-
mensional parameter cases, accuracy of the algorithm can be relaxed by increasing
WDtol and Nini, ultimately leading to the MCSM algorithm by Keesman and Van
Straten (1990), demonstrated on a 16-dimensional parameter case by Van Straten
and Keesman (1991).

4.3 Results and discussion

The main results for each case are shown in Table 4.2. Due to the sample-based
nature of the algorithm, results varied between runs, but the behaviour and final
accuracy remained consistent.

The choice of WDtol is arbitrary. It depends on previous experience with the
model and on the desired accuracy.

Notice that we assumed an error of fixed width for all artificial measurement
instants, which constitutes a worst-case scenario for underestimation (UE).

It is important to note that in spite of the geometrical relation, the proposed
characterisation by spheres is different from the characterisation by ellipsoids. The
spheres proposed here are solely based on the Voronoi tessellation of θU, and do
not provide a direct description of the direction or shape of the approximate FPS.
In contrast, ellipsoids use tools like principal component analysis (PCA) of θF to
describe the directionality of the approximate FPS.
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TABLE 4.2: Results (median) from five runs of the algorithm on four cases: number of
spheres (n(sph)), overestimation (OE), underestimation (UE), weighted deviation
(WD), number of iterations (n(it)) and computational time (tcomp). Case 3 did not

converge at the given WDtol . Case 4 includes results with and without convergence.
Notice that tcomp is proportional to the number of iterations (O(n)) for this
sample-based method, as opposed to O(n)p for interval-based methods.

Case n(sph) OE UE WD n(it) tcomp [s]
(1) L-V 8 3.5×10−2 1.3 2.9×10−3 9 2.7
(2) L-V 9 6.8×10−3 2.8 3.6×10−4 12 2.8
(3) M 330 1.3 15 11 70 352
(4) G 515 2.2 1.8 0.9 94 2490

Case 1) Lotka-Volterra.
1 bounded output and 2 estimated parameters.

For case 1, we assumed that only x1 was measured and bounded (y = x1). The
approximate FPS was characterised by a maximum of 10 spheres (Fig. 4.5.1). The
algorithm converged after a maximum of 14 iterations (1400 model simulations).
Deviations between FMOS and error bounds show a negligible OE (Fig. 4.5.2).
However, the convergence history shows a stagnant underestimation (Fig. 4.5.3),
which means that the model cannot reproduce the entire error bounds (which in
general is the case). Nonetheless, WD converged because there were no new θF

found outside the sphere set in the last iteration.
Uncertainty propagation from ΩθF on x2 (Fig. 4.5.4) is similar to the one obtained

by the SIVIA algorithm (Marvel and Williams, 2012). However, due to random sam-
pling, any ϑU in the approximate FPS could introduce a deviation in x2 beyond the
propagation from ϑF. This deviation and the uncertainty propagation itself can be
avoided by bounding x2. We show this in the next case.
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FIGURE 4.5: Case 1. Lotka-Volterra with 1 bounded output and 2 estimated
parameters. Example results from one algorithm run. 1) Approximate FPS.

Normalized R2 (p̄2, p̄4) from p2 ∈ [0.007, 0.012] and p4 ∈ [0.019, 0.022]. 2) Reference
model output, overestimation (OE) and underestimation (UE). OE is negligible. UE in

the first and last two measurement instants indicate that the model cannot fully
reproduce the data error bounds. 3) Convergence. UE stays high but convergence is

reached because few or no new θF were found in the last iterations, reducing WD.
4) Uncertainty propagation on x2 from the approximate FPS.

Case 2) Lotka-Volterra.
2 bounded outputs and 2 estimated parameters.

For case 2, we assumed error bounds on both states (y = [x1, x2]
T). The approximate

FPS was characterised by a maximum of 11 spheres (Fig. 4.6.1). The algorithm
converged after a maximum of 15 iterations, for a total of 1500 model simulations.

When bounding two states, there is a reduced degree of freedom with respect to
case 1, which results in a FMOS with smaller intervals at each measurement instant
k, and thus larger UE (Figs. 4.6.2). However, as expected, the bounds on x2 led to a
smaller OE on this state compared to case 1.
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FIGURE 4.6: Case 2) Lotka-Volterra with 2 bounded outputs and 2 estimated
parameters. Example result from one algorithm run. 1) Approximate FPS.

Normalized R2 (p̄2, p̄4) from p2 ∈ [0.009, 0.011] and p4 ∈ [0.019, 0.022].
2) Reference model output, overestimation (OE) and underestimation (UE).

Compared to case 1, the FMOS covers a lower range between the bounds in x1
(higher UE), but uncertainty propagation on x2 decreases to a negligible OE

Case 3) Biodegradation and growth with Monod kinetics.
1 bounded output and 4 estimated parameters. Unidentifiability.

We tested the algorithm under a well-known case of an unidentifiable model struc-
ture. We assumed that only bacterial biomass was measured (bounded for model
output y = X). The estimation of all four parameters in the Monod kinetics model
resulted in an approximate FPS that extends indefinitely with subsequent iterations
(Fig. 4.7.1). The projection of parameter combination (µ̄max, K̄S) shows an elongated
set, because estimates of these parameters are highly correlated. This result is in ac-
cordance with Holmberg (1982). Similarly, the projection of parameter combination
(Ȳ, k̄d) also shows an elongated set, indicating unidentifiability. Practical unidentifi-
ability of this model is also reflected in high OE peaks, resulting from continuously
finding new areas with θF that must be reshaped to exclude θU (Figs. 4.7.2 and 4.7.3).

Therefore, high peaks of OE through convergence history combined with a FPS
that extends far beyond the normalized coordinates [0,1] constitute a novel test for
practical identifiability. These peaks also illustrate the opportunity to improve the
mathematical rigour of the algorithm by developing a function to describe the con-
vergence trend, for example by a moving average filter of the historical OE and UE.
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FIGURE 4.7: Case 3) Microbial growth with Monod kinetics, with 1 bounded
output and 4 estimated parameters. Example result from one algorithm run after
70 iterations. Unidentifiable model. 1) Approximate FPS. (R2 projections from R4

space). Normalized parameter space (µ̄max, K̄S, Ȳ, k̄d) from µmax ∈ [0.79, 1.49],
KS ∈ [3.09, 6.87], Y ∈ [9.60, 11.07], kd ∈ [1.41× 10−2, 2.71× 10−2]. Due to

unidentifiability of the model structure, the approximate FPS continues to extend
with every subsequent iteration far beyond the normalized coordinates [0, 1].
2) Reference model output, overestimation (OE) and underestimation (UE).

Compared to the previous cases, OE cannot be neglected. 3) Convergence. After
50 iterations, OE and weighted deviation (WD) stop decreasing because new θU
and θF continue to be found with every subsequent iteration. The approximate

FPS is thus not bounded, reflecting model unidentifiability.

Case 4) Crop growth model.
1 bounded output and 4 estimated parameters.

Finally, we tested the algorithm on a model with higher complexity, GRASIM. Steps
often trivialized prior to calibration of complex models are a sensitivity analysis
and the implementation of prior knowledge (parameter constraints). We performed
a Sobol global sensitivity analysis on the model (Sobol, 2001) using the Python pack-
age SALib (Herman and Usher, 2017). The sensitivity analysis revealed that six out
of the ten model parameters have a global sensitivity coefficient at least one order
of magnitude larger than the rest. From those six parameters, a combination of four
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parameters is chosen with the lowest second-order sensitivity coefficients (reflect-
ing low correlation in the parameter estimates). This pre-selection helps improving
model identifiability. The selected parameters were: structural specific leaf area (a),
senescence rate (β), extinction coefficient of canopy (k), and photosynthetic fraction
available for growth (φ).

Subsequently, we defined parameter constraints for the algorithm based on phys-
ical definitions and on reported ranges in literature (Mohtar et al., 1997; Zhai et al.,
2004). These constraints limit the region where spheres will characterise the approx-
imate FPS: a ∈ [0.002, 0.008], β ∈ [0.02, 0.1] k ∈ [0.25, 0.90], and φ ∈ [0.75, 0.99].

In this case, simulation time of the model governs computational time in the
algorithm implementation (ca. 2 min per iteration). Therefore, we set maximum
iterations to 100. The algorithm converged to WDtol = 0.5 in 2 out of 5 runs. In
case of convergence, the approximate FPS was characterised by a maximum of 430
spheres in 88 iterations.

The approximate FPS is bounded within the constraints provided (Fig. 4.8.1).
Notice that the projection of (a, k) is a non-convex set, in a narrow space, which
can still be characterised by the algorithm, but requires a relatively high number
of spheres. This projection also indicates a hyperbolic (inversely proportional) re-
lationship between a and k: higher values for specific leaf area (a) indicate thinner
grass leaves, which result in lower values for canopy extinction of light (k). Notice a
visible OE at tk equal to 150 and 180 d (Fig. 4.8.2), when growth rates are maximum.
Parameters a, k, φ are directly related to growth rate, and small changes in their
values impact model output. It may be possible to decrease OE by defining sub-
models for different time ranges (growth stages), thus introducing a time-varying
FPS. However, this study focuses on the characterisation of a time-invariant FPS.

The model itself appears to be unidentifiable for the four parameters chosen,
but the implementation of constraints based on the physical meaning of parameters
prevents an unbounded FPS.

This case shows the relevance of a sensitivity analysis prior to parameter estima-
tion. A similar estimation of 3 parameters for this model, resulted in a similar OE
after convergence to WD < 0.5. Therefore, adding parameters for estimation may
require more computational time and more memory, with little improvement in the
FMOS accuracy, and may introduce unidentifiability to the model.
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FIGURE 4.8: Case 4) Grass growth in GRASIM model, with 1 state bounded and 4
estimated parameters. Example result from one algorithm run. 1) Approximate

FPS. (R2 projections from R4 space). Normalized parameter space (ā, β̄, K̄, φ̄)
from a ∈ [0.0030, 0.0056], β ∈ [0.027, 0.061], k ∈ [0.394, 0.688], φ ∈ [0.614, 0.963].
Although unidentifiable, an approximate FPS can be characterised due to the

constraints on parameter values based on literature and their physical meaning.
2) Reference model output, overestimation (OE) and underestimation (UE). At

tk = 150, 180 d, when growth rates are higher, OE becomes larger.

4.4 Conclusions

Our objective was to investigate and evaluate an efficient sampling-based method
for set-membership parameter estimation. We presented a set-valued algorithm that
characterises an approximate feasible parameter set (FPS) of (hyper)spheres, and
provides a balance between accuracy and computational complexity. The spheres
were obtained using randomly sampled unfeasible parameter vectors as seeds for
a Voronoi diagram of the parameter space, and using the resulting Voronoi vertices
as centres for the spheres. The algorithm works with a fixed number of sampled pa-
rameter vectors per iteration, i.e. the computational time has an order O(n(sample)).
Although lacking an exact mathematical description, the approximate FPS can gen-
erally be characterised by a low number of spheres.

We demonstrated an implementation on a 2-parameter case, achieving lower
computational requirements and similar accuracy, as compared with the SIVIA algo-
rithm. We also demonstrated implementation on a 4-parameter case of a relatively
complex model.

Additionally, we proposed a measure of the accuracy based on deviations be-
tween feasible model output set (FMOS) and data error bounds. When analysing
both FPS and these deviations, it is possible to indicate practical identifiability of a
model, as we demonstrated on a 4-parameter case.
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4.5 Appendix

Supporting functions

Algorithm A4.1 Supporting functions
Require: rmin, rmax, ϑmin, ϑmax

function OPT FILTER(c, r)
. Optional filter to remove small, large and distant spheres
r, c← r, c where [r > rmin and r < rmax and all(cj < ϑmax,j) and all(cj > ϑmin,j)]

end function
Require: c, r, cθF

function FILTER(c, r, cθF)
. Filter to remove empty spheres
c, r, cθF ← c, r, cθF where ROWSUM(cθF) > 0
. Filter to remove redundant spheres
SumθF ← COLSUM(cθF)
SumRed← ZEROS((1, p))
for cθF,i in cθF do

RedTest← cθF,i × (SumθF − SumRed)
if ANY(RedTestj == 1) then

ci, f iltered, ri, f iltered, θF,i, f iltered ← ci, ri, cθF,i
else

SumRed← SumRed + cθF,i
end if

end for
end function

Require: ϑF, ϑU , ϑF,min, ϑF,max
function NORMALIZE(ϑF, ϑU , ϑF,min, ϑF,max)

. Normalize nominal parameter sets to initialized coordinates of ϑF
θF ← (ϑF − ϑF,min)/(ϑF,max − ϑF,min)
θU ← (ϑU − ϑF,min)/(ϑF,max − ϑF,min)

end function
Require: θF, θU

function NOMINAL(θF, θU , ϑF,min, ϑF,max)
. Returns normalized parameters to nominal values
ϑF ← θF(ϑF,max − ϑmin) + ϑF,min
ϑU ← θU(ϑF,max − ϑmin) + ϑF,min

end function
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List of symbols

TABLE A4.1: Symbols used in the algorithm.

Symbol Description
‖e‖∞ ∞-norm of the error vector, ‖e‖∞ := max1≤i≤n |ei|
FPS and FMOS Feasible parameter set, and feasible model output set
k, M Measurement instant, and total of measurement instants
n( ) Cardinality of a set (number of elements)
O( ) Order of the algorithm (time complexity)
OE, UE, WD Overestimation, underestimation and weighted deviation
Rp p-dimensional parameter space
Sϑ Sample of parameter vectors
ε Upper error bound
ϑ, (θ) - F or U Parameter vector (normalized). Feasible or unfeasible
Ωϑ, (Ωθ) Set of all known parameter vectors (normalized)

Model parameters

TABLE A4.2: Model parameters and their reference values for each case.

Lotka-Volterra model
x1, x2 (50, 50) State variables (initial value), preys and predators
tsim = [0, 1, ..., 7 ∗ 30] day Simulation time
tk = [1, 2, ..., 6] month Artificial measurement instants
x∗1 , x∗2 Reference model outputs
Parameters (ref. value)
p̄2, p̄4 Estimated, normalized parameters
p1 (p∗1 = 1.0 month−1) Birth rate of prey
p2 (p∗2 = 0.01 month−1 pred.−1) Population decrease of prey due to predators
p3 (p∗3 = 1.0 month−1) Predator death rate
p4 (p∗4 = 0.02 month−1 prey−1) Population increase of predators due to prey
Microbial growth model
[S, X] (2.0, 1.5) mg/L State variables (initial value), substrate and bacteria
tsim = [0, 1/24, ..., 20] d Simulation time
tk = [0.5, 3.5, ..., 16.5] hr Artificial measurement instants
S∗, X∗ Reference model outputs
Parameters (ref. value)
k̄d, K̄S, Ȳ, µ̄max Estimated, normalized parameters
kd (k∗d = 0.021 d−1) Endogenous bacterial decay
KS (K∗S = 5.14 mgL−1) Half-velocity constant
Y (Y∗ = 10.34 mgXmg−1

S ) True microbial yield per substrate consumed
µmax (¯∗max = 1.15 d−1) Maximum rate of substrate use
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TABLE A4.3: Model parameters and their reference values for each case (continued).

GRASIM model
[Ws, Wg] (50, 50) kgC ha−1 State variables (initial value), storage and structure mass
tsim = [0, 1, ..., 365] d Simulation time
tk = [120, 150, ..., 330] hr Artificial measurement instants
W∗DM kgDM ha−1 Reference model output, dry mass of plant
Parameters (ref. value)
ā, β̄, k̄, Ȳ Estimated, normalized parameters
a (a∗ = 0.004 ha kg−1) Structural specific leaf area
α (α∗ = 2.4× 10−9 kg J−1) Leaf photosynthetic efficiency
β (β∗ = 0.05) Senescence rate
k (k∗ = 0.5) Canopy extinction coefficient
m (m∗ = 0.1) Leaf transmission coefficient
µm (µ∗

m = 0.5 d−1) Max. structural specific growth rate
φ (φ∗ = 0.9) Photosynthetic fraction available for growth
Pm (P∗m = 10000 kg ha−1 d−1) Max. photosynthesis
Y (Y∗ = 0.75) Structure fraction from storage
M (M∗ = 0.02 d−1) Maintenance respiration coefficient

Grasim auxiliary equations

Photosynthetic growth is defined as:

fP = (12/44)φP (A4.1)

where (12/44) is a conversion factor for mass from CO2 to C.
The photosynthesis rate is defined as:

P =
∫ LAI

0

∫ h
0 Pg dl dτ

Pg = αIPm
αI+Pm

I = k
1−m I0e−kl

(A4.2)

where LAI is the leaf area index, h is the daytime duration, Pg is the gross photo-
synthetic rate, I is the light intensity over a leaf, and I0 is the irradiance.

Assuming h = 24hr and I0 = DLI (day light integral), it is possible to obtain an
approximate analytical solution for P:

P = Pm
k ln

(
A + Pm

Ae−k∗LAI + Pm

)
A = α DLI k

1−m

(A4.3)

where DLI for the test case was taken from the weather station De Bilt for year 2001
(KNMI, 2014).
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The leaf area index is:
LAI = a Wg (A4.4)

The net mass conversion from storage to structure is:

fG = µm
WgWs

Wg + Ws
(A4.5)

Shoot respiration from storage mass is:

fSR = µm
1−Y

Y
WgWs

Wg + Ws
(A4.6)

Maintenance respiration (covered entirely by storage mass) is:

fMR = M Wg (A4.7)

Senescence is:
fS = β Wg (A4.8)
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Chapter 5

Set-membership uncertainty
assessment of a mathematical model
for nutrient balances in fish growth
and excretions.

Adapted and submitted for publication as:
Daniel Reyes Lastiri, Jan-David Wacker, Simon van Mourik & Karel J. Keesman,
"Set-membership uncertainty assessment of a mathematical model for nutrient bal-
ances in fish growth and excretions". In journal: Aquacultural Engineering.

Abstract

Waste streams from inland aquaculture contain nutrients that could be further used.
Knowledge about concentration dynamics of nutrients throughout fish growth can
help designing and operating technologies for nutrient reuse and recovery. Live in-
situ monitoring is costly and uncommon in commercial applications. Mathematical
models based on experimental measurements can provide the required knowledge
on nutrient dynamics. However, model identification is hindered by measurement
uncertainties, common in aquaculture systems.

We investigated the dynamics and uncertainties in fish growth and nutrient ex-
cretions. For this purpose, we developed a mathematical model describing nutri-
ent balances in fish, using only four model parameters. The model was based on
simplification and semi-physical approaches, to facilitate model parameter estima-
tion. The model was calibrated considering multiple time scales and using the set-
membership approach, suitable for parameter estimation under bounded measure-
ment uncertainties, and aimed at describing parameter uncertainty in terms of a
set rather than point estimates with confidence intervals. Propagation of bounded
model prediction uncertainties was assessed using set-membership Monte Carlo
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simulations. From the experimental measurements reported in literature, the model
prediction uncertainty explained 84% of the data variability for fish growth, 75%
for digestive system content, and 28% for ammonia excretion rate. The limited cov-
erage of ammonia excretion rate variability was explained by the use of controlled
experimental conditions that affect excretions in feedback loops between water and
fish. The largest prediction uncertainties were observed in soluble excretion of P,
Ca, and Na. For improved prediction accuracy, future experimental measurements
should focus on these nutrients, using common growth conditions.

5.1 Introduction

Fish and crustaceans have a high protein production efficiency (Brown, 2001), and
a low carbon footprint (FAO, 2018b), thus presenting a sustainable option for the
protein transition, moving away from conventional meat production and capture
fisheries. Aquaculture has shown a continuous development since the mid 20th
century, accounting for 47% of global fish production in 2016 (FAO, 2018b). This
development has helped in decreasing capture production and its impacts. Further
developments in aquaculture should aim at decreasing impact on biodiversity and
aquatic ecosystems, following the targets for life below water (14.1), and biodiver-
sity and ecosystem (15.1) of the UN Sustainable Development Goals (UN, 2015).
One of the challenges in aquaculture is the reduction of waste discharge. To address
this challenge, intensive inland production methods such as recirculating aquacul-
ture systems (RAS), apply technologies for waste treatment and reduction to im-
prove water quality in the fish tanks, decreasing the direct environmental impacts
of aquaculture. These technologies include, for example, mechanical filtration of
solids and biofiltration to convert ammonia into nitrate. However, waste streams
from inland aquaculture, are still rich in nutrients that could be further utilised
(Timmons and Ebeling, 2010). Knowledge of nutrient concentrations and dynamics
is required for the design and operation of technologies for nutrient reuse and re-
covery. Therefore, improved understanding of nutrient dynamics in waste streams
presents opportunities for higher resource efficiency of inland aquaculture.

Waste from inland aquaculture in RAS consists of a solids stream with approx-
imately 20% of the phosphorus eaten by fish, and a dissolved stream with 60-90%
of the nitrogen eaten by fish (Timmons and Ebeling, 2010). Nitrogen can be lost via
denitrification when anaerobic zones are present (Reyes Lastiri et al., 2018). There-
fore, additional technologies for nutrient treatment and recovery have been pro-
posed. Solids can be further treated by thickening and stabilization to prevent den-
itrification losses, and facilitate transport and application as fertilizer. Thickening
can be accomplished with sedimentation, textile bags, belt filters, and drying beds
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(Cripps and Bergheim, 2000; Timmons and Ebeling, 2010); and stabilization can be
accomplished by lime addition and composting (Chen et al., 1997; Timmons and
Ebeling, 2010). Similarly, options for direct nutrient reuse have also been proposed.
For example, dissolved nutrients can be reused as hydroponic fertilizer in aquaponic
systems (aquaculture + hydroponics = aquaponics). In particular, theoretical studies
in aquaponics have proposed the use of an UASB reactor for phosphorus remineral-
ization of the solids stream (Goddek et al., 2016), and reverse osmosis to concentrate
the dissolved stream (Goddek and Keesman, 2018).

The main challenge in the application of the aforementioned management and
reuse strategies is the identification of nutrients in waste streams. For example,
composting of solids requires knowledge on the carbon to nitrogen ratio (C:N) (Tim-
mons and Ebeling, 2010), and aquaponics requires knowledge about concentrations
of macronutrients from fish that could be harmful to plants, such as Na, which limit
the potential reuse of other macronutrients (Reyes Lastiri et al., 2018). Due to the dy-
namic nature of fish growth and excretions, nutrient concentrations in waste streams
are highly dynamic. Detailed real-time information about the dynamics of these nu-
trients would require continuous sensing. However, membrane-based sensors com-
monly used for this purpose are prone to errors from clogging, and require frequent
replacement, resulting in additional costs. Alternatively, laboratory measurements
are more accurate but slower and similarly expensive. Continuous sensing is there-
fore uncommon in commercial applications and still limited to research (Timmons
and Ebeling, 2010; Su et al., 2020). It is worth noting that emerging technologies
based on optoelectronics may help solving the sensing challenges in aquaculture
(Fritzsche et al., 2018).

Monitoring nutrient dynamics from inland aquaculture can be improved by data
assimilation, i.e. complementing in-situ live measurements with mathematical mod-
els, starting from the dynamics of fish excretions. Several models for fish growth are
available in literature. However, they are not directly applicable for nutrient reuse,
as they focus on productivity, and not on nutrient dynamics.

Simple models, such as linear and quadratic models, have been used to study
fish growth and response to nutrient intake (Belal, 2005). However, these models are
based on parameters without a biological meaning, and they focus on a narrow time
scale, limiting their applicability to single cases. Saturation kinetic growth models
introduce parameters with biological meaning, broadening applicability. However,
neither of these simple models describe nutrient uptake and excretions. Other em-
pirical models based on (variable) feed conversion ratio, coupled with steady-state
mass balances, have been used to predict nutrient excretions for the design of RAS
and aquaponic systems (Timmons and Ebeling, 2010; Reyes Lastiri et al., 2016), but
they do not describe excretion dynamics.
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More complex examples, like bioenergetic models, reflect the dynamics of fish
growth based on model parameters with a biological meaning (see for example Yi
(1998) and Van Trung et al. (2011)), but they do not describe nutrient uptake or ex-
cretions. Furthermore, past implementations of bioenergetic models for fish growth
frequently overlooked conservation laws (Canale and Breck, 2013). Similarly com-
plex, the Dynamic Energy Budget (DEB) model (Kooijman and Kooijman, 2010) has
been applied to fish in aquaculture (Serpa et al., 2013), but the model calibration
used a one-at-a-time sensitivity analysis, which does not reflect the parameter in-
teractions in the model structure. These physiological models may appeal to the
modeller because they reflect detailed processes and could, in principle, provide
better understanding of the system. However, these model structures typically con-
tain more than 10 parameters, which easily lead to parameter estimation problems
like local minima and strong correlations between estimates.

Alternatively, semi-physical or grey box models have also been proposed, which
provide a balance between simplicity and detailed descriptions. For example, Wik
et al. (2009) developed an integrated RAS model, where fish excretions were split
into particulate and soluble fractions for nitrogen and phosphorus, based on the Ac-
tivated Sludge Model (ASM) approach for municipal wastewater. Similarly, Reyes
Lastiri et al. (2018) developed an ASM-based model for several macronutrients from
fish and their application in aquaponics. Both studies combine a semi-empirical
model for fish growth with nutrient balances, but they are not yet verified against
experimental data.

One of the challenges in model verification against experimental data, for fish
growth and excretions, is the presence of multiple time scales. Fish growth dy-
namics spans several months, whereas excretions dynamics spans several hours.
One possible solution is the use of experimental measurements reported in multi-
ple literature sources. However, this approach introduces unknown or uncertain
measurement conditions.

Recently, quantifying uncertainties in decision support models has gained at-
tention. Uusitalo et al. (2015) recommend to provide a transparent representation of
these uncertainties on each level of a model. However, to the best of our knowledge,
uncertainty studies for fish nutrient uptake and excretions in aquaculture have not
been performed. Furthermore, experimental data on nutrient flows may be avail-
able in literature, but detailed measurement conditions are rarely reported, intro-
ducing modelling and sampling errors. One approach suitable for model devel-
opment under limited data, correlated measurement uncertainties, and modelling
error, common in aquaculture systems, is the set-membership approach (Norton,
1987; Keesman, 1990; Van Straten and Keesman, 1991; Walter and Piet-Lahanier,
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1990; Milanese et al., 1996). In the past decade, set-membership gained renewed in-
terest in modelling studies (Rumschinski et al., 2010; Diniz, 2013; Cerone et al., 2014;
Nurulhuda et al., 2017).

In summary:

1. Waste streams from inland aquaculture contain nutrients that could be further
utilised.

2. Technologies for nutrient reuse and recovery require knowledge about nutri-
ent dynamics throughout the fish growth cycle.

3. Semi-physical models provide suitable knowledge basis, combining a simpli-
fied mathematical description with in-situ and experimental measurements,
facilitating model identification and parameter estimation.

4. The semi-physical model should have a small number of parameters, describe
the essential dynamics and time scales, and account for prediction uncertain-
ties.

The objective of this study was to investigate dynamics and uncertainties of
macronutrients in inland aquacultural wastewater, to aid in the design of nutri-
ent reuse and recovery technologies. For this purpose, a semi-physical model for
nutrient dynamics was developed, describing fish growth and excretion processes
based on mass balances. The model development followed a model simplifica-
tion approach, to maintain minimum complexity and to facilitate the estimation of
model parameters and their uncertainties. The model was calibrated using a set-
membership approach, suitable for the limited and uncertain data that was avail-
able. Finally, an analysis of the prediction errors and the uncertainty propagation
was used to identify suggestions for future experimental conditions and measure-
ments.

5.2 Methods

The mathematical model was aimed at understanding the fish excretion process in
inland aquaculture systems. The model focuses on the production of Nile tilapia
(Oreochromis niloticus), due to the increasing availability of empirical knowledge and
data from inland aquaculture production and research.

The mathematical model was based on system dynamics, semi-physical, and
model simplification approaches, maintaining low complexity and therefore facili-
tating identifiability, such that, in principle, it would be possible to uniquely esti-
mate the unknown model parameters.

The model describes nutrient balances using a system of differential equations
with supporting algebraic equations, splitting waste streams into particulate matter
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(fish faeces), and soluble matter (generalizing fish urine and respiration). The model
was implemented in Python 3.7 (Python Software Foundation, 2020).

Relevant model parameters were identified with an all-at-a-time (AAT), variance-
based sensitivity analysis. The model was subsequently calibrated against litera-
ture data for fish growth, digestive content, and ammonia excretion. Calibration
was performed using a set-membership approach, which is suitable to identify a set
of feasible parameter vectors from limited data under measurement uncertainties,
common in complex biological systems like aquaculture. Finally, nutrient dynam-
ics and their uncertainties were evaluated using Monte Carlo simulations, sampling
from the identified feasible parameter set.

5.2.1 Mathematical model

In what follows, the overall mass balance and the nutrient mass balances are intro-
duced.

Overall mass balance

The overall mass balance in fish is described by a system of three differential equa-
tions with corresponding state variables for dry mass of fish (m f sh), contents of the
digestive system (mdig), and contents of the urinary system (muri) (see Fig. 5.1):

dm f sh

dt
= φupt (5.1)

dmdig

dt
= φ f ed − φdig−out (5.2)

dmuri

dt
= φdig−uri − φsol (5.3)

where φupt is the mass flow rate uptake by fish for growth, φ f ed is the mass flow
rate of ingested feed, φdig−out is the total mass flow rate leaving the digestive system
(φdig−out = φdig−uri + φupt + φprt), φdig−uri is the mass flow rate from the digestive to
the urinary system, and φsol is the mass flow rate of soluble excretion.

Based on the work by Wik et al. (2009), excretion of faeces was modelled as par-
ticulate matter leaving the digestive system (φprt). Similarly, excretion of urine and
metabolism products through the gills was modelled as soluble matter leaving the
urinary system (φsol).
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ϕprt ϕsol

mfsh

mdig muri

ϕdig-uri

ϕupt
ϕfed

FIGURE 5.1: Schematic representation of the mass balances in fish.
The mathematical model uses three state variables for dry mass: fish (m f sh),
digestive system content (mdig), and urinary system content (muri). The main

flows are: feed (φ f ed), uptake to body mass (φupt), excretion of particulate matter
(faeces) (φprt), transfer from digestive system to urinary system (φdig−uri), and
excretion of soluble matter (respiration and urine) (φsol). Tilapia illustration:

Chromis niloticus by W H Flower, public domain (pd-old).

Emptying flow rates from the digestive and urinary systems (φdig−out and φsol)
were modelled as first order processes with time constants τdig and τuri, respectively:

φdig−out = 1/τdig ∗mdig (5.4)

φsol = 1/τuri ∗muri (5.5)

Mass flow rates φupt and φprt were calculated as fractions of φdig−out:

φupt = kupt ∗ φdig−out (5.6)

φprt = kprt ∗ φdig−out (5.7)

where the mass flow fractions kupt and kprt were assumed constant throughout
growth.

Finally, the mass flow rate from digestive to urinary system was calculated by
completing the mass balance:

φdig−uri = φdig−out − φupt − φprt (5.8)

In summary, the overall mass balance with state variables m f sh, mdig, and muri

has four unknown parameters (to be calibrated): τdig, τuri, kupt, kprt.
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Nutrient balances

The nutrients modelled were C, N, P, K, Ca, Mg, and Na. Each of these nutrients (j)
was modelled following the dynamics of the overall mass balances:

φj−upt = k j,upt xj, f ed φdig−out (5.9)

φj− f cs = k j,prt xj, f ed φdig−out (5.10)

where φj,upt is the mass flow rate taken up by fish during growth, and φj, f cs is the
mass flow rate in faeces. Constants k j,upt and k j,prt are the proportions of each nutri-
ent fed that ends in fish mass and particulate matter excretion, respectively. These
constants were determined directly from measurements presented in literature (see
Table A5.2 in the Appendix of this chapter). xj, f ed is the known fraction of nutrient j
in feed.

Mass flow rates in soluble matter excretions were calculated based on the volu-
metric flow rate through the urinary system (φv,dig−uri), assuming constant density
(ρ), and constant nutrient concentration Cj,uri = φj,dig−uri/φv,dig−uri:

φj,sol = Cj,uri φv,sol =
φj,dig−uri

φdig−uri/ρ

φsol
ρ

Therefore:

φj,sol = k j,sol xj, f ed
φdig−out

φdig−uri
φsol (5.11)

where constant k j,sol is the proportion of nutrient fed that ends in soluble excre-
tions.

Model outputs

Additionally, model outputs were introduced to relate the state variables to the
measured variables: fish fresh mass (m f sh, f r), normalized mass in digestive sys-
tem (mdig,n), and normalized flow rate of total ammonia nitrogen (TAN) excretion
(φTAN,n). These relationships are given by:

m f sh, f r = m f sh/kDMR

mdig,n = mdig/m f ed,day

φTAN,n = kTAN,sol · φN,sol/m f ed,day

(5.12)

where the state variables m f sh and mdig indicate dry mass [gDM], kDMR is the dry
mass ratio (assumed constant throughout growth), kTAN,sol is the fraction of soluble
N excretion that corresponds to TAN, and φN,sol is the excretion flow rate of soluble
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N following from Eqn. 5.11. The digestive mass and TAN excretion are normalized
against the daily mass of feed (m f ed,day).

Feeder

Fish feeding is a control input that was assumed to follow feed-forward control (i.e.
without updated information about the actual fish mass beyond the initial value).
This automatic feeder was modelled based on a prediction of fish fresh mass from a
simple quadratic equation (m f sh,q), calibrated against data from Santos et al. (2008),
Allaman et al. (2013), and Gullian-Klanian and Arámburu-Adame (2013):

m f sh,q = m0, f sh, f r + 0.239 · tq + 0.0075 · t2
q (5.13)

where m0, f sh, f r is the initial fresh mass of fish, and tq in units of [d]. Such sim-
ple empirical models are commonly used to predict fish growth, but they do not
describe the full range of growth (Belal, 2005). This empirical quadratic model was
used in the present study to better represent real and uncertain growth conditions,
where the growth predicted by the feeder may not match the actual growth (repre-
sented by the mass balance model).

Feed rate for each feeding was calculated assuming that feed is consumed within
one simulation time step ∆t:

φ f ed =
kDFR ·m f shq

∆t · n f ed
(5.14)

where kDFR is the daily feed ratio (kg feed per kg fish), and n f ed is the number of
feeds per day.

During the first day of the simulation, fish feeding was assumed to take place
once per day, to match the experimental conditions of the measured variables mdig,n

and φTAN,n. Subsequently, all feeding was assumed to take place three times per
day (at 8:00, 12:00 and 16:00 hr), to match common commercial and experimental
conditions for growth.
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Model assumptions

The main assumptions for the structure and implementation of this model are:

• The model describes single fish growth, but it can be applied to multiple fish in
a tank assuming that they are all in the same growth stage. This study includes
model calibration for the growout stage, starting from a fish fresh mass of ca.
100 g .

• The mass balances describe net effects, i.e. the end result of all short-term
physiological nutrient exchanges between fish, feed and water.

• All model parameters are constant throughout the specified growth stage.

• Every nutrient follows the dynamics of the overall mass balance. Only the
proportions splitting uptake, particulate excretions and soluble excretions are
different between nutrients.

• There is no delay in excretions (based on the analysis by Wik et al. (2009)),
and a single time constant for emptying of digestive and urinary systems was
used.

• Reference model values were assumed as presented in the Appendix of this
chapter .

5.2.2 Sensitivity analysis method

Relevant model parameters were identified using an all-at-a-time (AAT), variance-
based sensitivity analysis (Sobol, 2001; Saltelli, 2002; Saltelli et al., 2010). This method
is implemented in the package SALib (Herman et al., 2019), and computes first-order
(S1), second-order (S2), and total (ST) sensitivity indexes. S1 indexes reflect the ef-
fect of variations of each single parameter on the variance of each model output. S2
indexes reflect the effect of interactions between pairs of parameters on the variance
of each model output. ST indexes reflect the effect of each parameter on the variance
of each model output, given variations in all parameters.

All four model parameters in the overall mass balances (τdig, τusi, kprt, kupt) were
included in the analysis. Furthermore, initial conditions m0, f sh and m0,uri were also
included. m0, f sh was included to account for the large variations commonly present
in commercial fish production. m0,uri was included to account for the standard
metabolic rates, i.e. the minimum level of energy consumption related to respira-
tion, associated with CO2 and TAN excretions, and modelled as a constraint on the
minimum mass present in the urinary system. m0,dig was not included in the analy-
sis because it is a fixed value, calculated directly from the feed provided, assuming
that all feed was eaten.
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The sensitivity indexes were computed for the measured variables available in
literature (and matching model outputs) m f sh, f r, mdig,N, and φTAN,N. The indexes
were computed for different instants, to identify possible changes through time due
to the presence of multiple model outputs with different time scales. The instants
were chosen at regular intervals, but different between model outputs, to match
the time scales of the literature data. Detailed settings for the sensitivity analysis
implementation are provided in the Appendix of this chapter.

5.2.3 Literature data

All data for model calibration was obtained from literature. Available data deter-
mined the choice for model outputs: fish growth, digestive system content, and
TAN excretions. Only data series that match or approximate common commercial
growth conditions were selected.

Regarding digestive mass (mdig,n) and TAN excretions (φTAN,n), differences in
experimental feeding regimes and schedules were standardized by expressing all
literature measurements per mass of (single) feed provided at the start of the exper-
iments.

Data for digestive mass (mdig,n) was obtained from Richter et al. (2003), Riche et
al. (2004), and Gómez-Peñaranda and Clavijo-Restrepo (2012). These studies mea-
sured the dry mass stomach content in tilapia after feeding, or an equivalent indi-
cator, through a period of up to 12 hr. Fish fresh mass was between 100− 300 g.
Based on the zero-delay observed in faeces excretion by tilapia, it was assumed that
the stomach content is representative of the entire digestive system, neglecting the
effect of any additional residence time in the intestines.

Data for TAN excretions (φTAN,n) was obtained from Obirikorang et al. (2015)
and Obirikorang et al. (2017). These studies determined the excretion rate of am-
monia after feeding through a period of up to 24 hr. Fish fresh mass was between
50− 65 g.

Data for fish growth (m f sh, f r) was obtained from Allaman et al. (2013) and Santos
et al. (2008). Measurements for fish fresh mass were selected around 100 g, which is
representative for both available datasets of digestive mass (100− 300 g) and TAN
excretion (50− 65 g).

For the set-membership calibration, data bounds for digestive mass (mdig,n) and
TAN excretion (φTAN,n) were generated for measurement time steps ∆tk ≥ 2 hr,
locating the minimum and maximum values at intervals tk ± 1 hr. In this way, mul-
tiple data sources can be compiled into single data bounds, which account for pos-
sible errors due to handling and weighting time of the fish stomach contents, and
diffusion times of TAN in the fish tanks (independent variable error). Due to data
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availability, measurement instants start at t = 0 hr for mdig,n, and at t = 1 hr for
φTAN,n.

For further details regarding data processing, the reader is referred to the data
files in the model documentation (Reyes Lastiri, 2020), and added as supplementary
materials.

5.2.4 Set-membership algorithm

Multiple data sets of fish growth and excretions are available in literature. However,
each study was conducted under different experimental conditions, which are not
always reported in detail. These unknown variations introduce so-called sampling
errors to the modelling process, which cannot be directly quantified. In addition,
data from similar experimental conditions is limited and contains measurement un-
certainties.

A preliminary study of the model presented in this paper, with least-squares cal-
ibration and linear uncertainty propagation, showed that the estimated parameter
uncertainties were not sufficient to reproduce the large variations in the measured
data. Possible causes for this limitation are the sequential calibration in separate
steps for growth and excretions, as well as the assumptions for linear uncertainty
propagation. This limitation suggests the use of an alternative approach, using all
time scales simultaneously.

Model calibration was performed with a set-membership approach, which is
suitable for limited data under measurement uncertainties (Milanese et al., 1996;
Keesman, 2011; Cerone et al., 2014). In this paper, sampling, measurement and mod-
elling errors were described in terms of bounded output errors. Hence, the data is
assumed to be point-wise bounded for each measurement instant (k) in the interval
[zk,min, zk,max]. The calibration objective is then to identify a feasible parameter set
(FPS) that produces model predictions within the data bounds. Formally, the FPS
is defined as:

FPS := {ϑ ∈ Rp | (zk,min ≤ yk(ϑ) ≤ zk,max) for k = 1, 2, ...} (5.15)

The set-membership calibration used the so-called vorsetmembership algorithm
(Reyes Lastiri, 2020). This algorithm approximates the feasible parameter set (FPS),
and characterises it by means of a collection of (hyper)spheres. These spheres are
iteratively generated from a Voronoi tessellation of unfeasible parameter vectors
found by random sampling.
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The algorithm also quantifies deviations of model outputs from the data bounds,
defined as underestimation (UE) and overestimation (OE), per model output (y),
based on errors εOE and εUE, and the width of individual output intervals:

εUE := ∑
k

max [(yk(ϑF)− zk,min) ≥ 0] + ∑
k

max [(zk,max − yk(ϑF)) ≥ 0] (5.16)

εOE := ∑
k

max [(zk,min − yk(ϑU)) ≥ 0] + ∑
k

max [(yk(ϑU)− zk,max) ≥ 0] (5.17)

UE := εUE,y/ ∑
k
(zk,max − zk,min) (5.18)

OE := εOE,y/ ∑
k
(zk,max − zk,min) (5.19)

where ϑF and ϑU are feasible and unfeasible parameter samples obtained from
the approximate FPS. See Chapter 4 for details on the method.

The metrics UE and OE were used to quantify the extent of the data variability
reflected by the model prediction uncertainty. An analysis of the magnitude and
instants of these deviations in each model output was used to identify possible im-
provements for future experimental design.

The parameters in Rp and the resulting FPS were normalized to the same bounds
as used for the sensitivity analysis. Parameter constraints were applied to improve
identifiability (See the Appendix of this chapter).

5.2.5 Uncertainty propagation

The set-membership approach in this paper assumes that the uncertainty in the pa-
rameters, described by the approximate FPS, encompasses all uncertainties in the
modelling process (e.g. input, measurement, model structure, sampling, and inde-
pendent variable errors).

Uncertainty propagation in the model prediction for all nutrient excretions (φprt,j

and φsol,j) was assessed with Monte Carlo simulations through sampling of the FPS.
The model prediction uncertainty was quantified in terms of a coefficient of varia-
tion (CV), defined in this paper with respect to the model output median ỹ as:

CV := (ymax − ymin)/ỹ (5.20)

Nutrients with the largest CV were identified to suggest objectives for future
experimental design, focusing attention on the sampling times and nutrients that
would better improve knowledge on the dynamics of nutrient excretions.



96
Chapter 5. Set-membership uncertainty assessment of a mathematical model for

nutrient balances in fish growth and excretions.

5.3 Results and discussion

An initial model evaluation was performed to assess the model behaviour against
the measured data bounds (Fig. 5.2), and to help identify an initial set of parameter
values. Detailed settings for the reference model are provided in the Appendix of
this chapter.

The model output for fresh fish mass (m f sh, f r) follows the expected non-linear
growth of fish, and the dynamics of the feed provided (φ f ed). Therefore, this semi-
physical modelling approach (Eqns. 5.1 to 5.14) is able to reproduce the growth
dynamics with a time scale of several months, based on the mass balance dynamics
of feed uptake and excretions with a time scale of hours.
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FIGURE 5.2: Data bounds at measurement instants (zk), and reference model outputs
(yre f ). Notice that the fish growth model output follows both the non-linear dynamics

(top left) and the fish feed schedule with 3 feeding times per day (close-up). Notice
also that yre f for TAN excretion flow rate does not yet fit within all data bounds. In the

subsequent set-membership calibration step, the objective is to identify a feasible
parameter set which generates model outputs fitting within all data bounds.
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An analysis of the model structure as a linear time independent (LTI) system
is presented in the Appendix of this chapter. The eigenvalues of the model, with-
out a maintenance term, show that the model is critically stable, where fish growth
follows the quadratic feeding strategy.

5.3.1 Sensitivity analysis

An all-at-a-time (AAT) sensitivity analysis was performed to identify the most rele-
vant parameters of the model, out of the six that were initially chosen (four model
parameters and two initial conditions). The resulting Sobol sensitivity indexes S1
and ST are shown in Fig. 5.3. Notice that the sensitivity indexes change with time. In
particular, the sensitivities of m f sh, f r and mdig,n to m0, f sh decrease with time, whereas
kupt and τdig become increasingly relevant. In contrast, the sensitivity of φTAN,n to
m0, f sh increases with time. This result demonstrates that it is necessary to develop a
model accounting for the different time scales of the model outputs.

A general guideline for the selection of relevant parameters consists in priori-
tizing those with the highest S1 indexes, and discarding those with the lowest ST
indexes, by fixing their values (Saltelli et al., 2008; Jaxa-Rozen and Kwakkel, 2018).
Based on this guideline:

• Time constants τdig, τuri, the initial condition m0, f sh, and the ratio kupt, returned
the largest S1 indexes. Therefore, they were subsequently included in the cali-
bration step. Although small, the effect of initial condition m0,uri is also visible
in the S1 index. Therefore, it was also included in the calibration step.

• The ratio kprt returned the lowest ST index. Therefore, it was subsequently
excluded from the calibration step.

Large correlated effects were not observed in the S2 indexes. Some correlated ef-
fects were observed for time constant τuri and initial condition m0,uri, with all other
parameters on φTAN,n, particularly at the start of the period. Their S2 indexes de-
crease in time from ca. 10−1 to 10−2. All other S2 indexes were in the order of
magnitude of 10−3.

The aforementioned effects may suggest to exclude m0,uri from the calibration
step. However, m0,uri is only measured indirectly on model output fTAN,n, and it is
affected by multiple physiological processes summarized as the net availability of
all soluble nutrients. Such a variable is difficult to measure experimentally, and no
values were found in literature. Therefore, it was decided to include m0,uri in the
calibration step, starting from a manually-adjusted reference value.
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FIGURE 5.3: First-order (S1) and total (ST) indexes from the Sobol sensitivity
analysis on each model output: fish fresh mass (m f sh, f r), digestive mass

normalized to daily feed (mdig,n) and TAN excretion normalized to daily feed
(φTAN,n). Notice the different time scales for each of the model outputs.

5.3.2 Set-membership calibration

Set-membership calibration for model parameters τdig, τuri, kupt, m0, f sh, and m0,uri,
was initialized with the same parameter bounds of the sensitivity analysis. These
parameter bounds were also used to normalize the parameter domain. Detailed
settings for the calibration routine are provided in the Appendix of this chapter.

The resulting approximate FPS is shown in Fig. 5.4. The calibration was con-
strained to physically sensible parameter values (e.g. positive time constants). The
effect of these constraints is observed in the clear cuts on the approximate FPS,
which prevent it from extending indefinitely due to correlations between parameter
estimates. These correlations were particularly accentuated in the (initially non-
constrained) parameter space projections (τdig, m0,uri) and (τuri, m0,uri), matching
the expected effects from the S2 Sobol indexes observed in the sensitivity analysis.
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FIGURE 5.4: Approximate feasible parameter set (FPS) characterised by
hypershperes. 2D projections of the 5D parameter space (Rp with p = 5).

Parameter space normalized to the bounds of the sensitivity analysis, provided in
the Appendix of this chapter.

However, the model showed a high underestimation (UE) for the uncertainty
of φTAN,N during the corresponding time frame of the experiment (Fig. 5.5). The
observed UE reflects that, in order to reproduce the low TAN excretions measured
10 hr after feeding, the model predicts TAN excretion rates larger than the measured
maximum in the first hours after feeding, resulting in OE, which the algorithm is
designed to prevent. Based on this behaviour, we hypothesised two causes for the
mismatch between model prediction and experimental measurements, related to the
experimental conditions reported in the corresponding literature (Obirikorang et al.,
2015; Obirikorang et al., 2017), namely:
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FIGURE 5.5: Evaluation of the approximate feasible parameter set (FPS) on the
feasible model output set (FMOS), in terms of over and underestimation at

measurement instants (OEk and UEk). A sampled subset of the feasible model
outputs (y f ,s) is included to illustrate the model prediction uncertainty. Notice the

large UE in the TAN excretion rate (φTAN,n) which shows that the parameter
uncertainty cannot reproduce all data variability for this variable.

1. Starvation. Prior to the reported experiments, tilapia were starved for 24 and
48 hr, and, in one experiment, feed provided was half of the feed from previ-
ous days. The change in feed availability could lead to a higher N uptake ratio
in the first day of the experiment, as a physiological mechanism that compen-
sates for the prior deficiency. This phenomenon is reflected by the calibrated
model as a slow period of increase in TAN excretion during 6-7 days follow-
ing the post-starvation day of the experiments, until stable levels are reached
(Fig. 5.6). However, due to the assumption of constant nutrient uptake ratios,
modelled uptake and excretion rates are not stabilized immediately after the
first feeding following starvation, limiting model coverage of data variability,
as observed in Fig. 5.5.
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FIGURE 5.6: Bounded model prediction uncertainty for ammonia excretion rate
(φTAN,n) following from the first day after starvation in experimental conditions.
Notice that φTAN,n is low in the first day, and increases through one week, before

reaching a stable level. Therefore, predicted φTAN,n levels are affected by the initial
starvation conditions from the experimental measurements.

2. Closed tanks. Fish tanks were intermittently opened and closed to water cir-
culation. The tanks remained closed during the period when water samples
were collected, in order to calculate TAN excretion rates based on TAN ac-
cumulation. However, some teleosts are known to detoxify ammonia by con-
verting it to urea (ureogenesis), a process which is energetically expensive and
thus avoided under regular conditions. This phenomenon has been confirmed
in one species of tilapia, Alcolapia grahami (Randall, 2011). If ureogenesis is
present in Oreochromis niloticus, closed tanks and subsequent ammonia accu-
mulation could be the cause for very low TAN excretions after the peak, con-
straining the model predictions and resulting in high UE.

Starvation and closed tanks are part of experimental designs aimed at achieving
controlled conditions to measure fish excretions. However, due to the complex in-
teractions and feedback loops between fish and water, attempts to control the exper-
imental conditions affect the existing stability in those interactions, effectively act-
ing as disturbances on the system. Therefore, future experimental design aimed at
improving the knowledge on nutrient dynamics could benefit from measurements
under normal growth conditions with standard feeding and circulating water.
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A alternative interpretation of the mismatch between model and data, is the pres-
ence of structural modelling errors (i.e. the model is unable to reproduce TAN ex-
cretions under unusual or extreme conditions). In this case, future research could
be oriented to identify and understand these extreme conditions. One possible way
to improve model robustness would consist of adding a term for ammonia excre-
tion inhibition. Such inhibition could be described in terms of a sigmoid function,
reflecting the variation of ammonia forms linked to pH variations.

In summary, based on the set-membership calibration results:

1. Parameter uncertainty characterised by the approximate FPS results in model
predictions with improved coverage of data variability, compared to least-
squares calibration with posterior uncertainty analysis based on linear error
propagation. Based on the quantified underestimation (UE), the model repro-
duces 69% of the data bounds for fish growth (m f sh, f r), and 75% of the data
bounds for mass in the digestive system (mdig,n), However, the model under-
estimates uncertainties in φTAN,n, covering only 28% of the data bounds.

2. Future experimental research aimed at understanding excretion dynamics should
account for possible inhibition of TAN excretions. The observations in this pa-
per lead to suggest the use of normal growth conditions, such as regular feed
and circulating water.

5.3.3 Uncertainty propagation on nutrient excretions

Uncertainty propagation was computed using Monte Carlo simulations, based on
both the approximate FPS (Fig. 5.4) and uncertainty in literature-based nutrient
ratios k j,prt and k j,upt (see Table A5.2 in the Appendix of this chapter). Model predic-
tion uncertainty of nutrient excretions is shown in Fig. 5.7 for N, P, and K. Notice
that soluble excretions have a larger CV throughout the simulation period, whereas
particulate excretions only have large CV immediately after feeding. Therefore, at-
tention should focus on soluble excretions.

The complete list of maximum CV per soluble nutrient is provided in Table 5.1.
The largest CV is observed in P, Ca and Na. In order to ensure normal growth con-
ditions and prevent metabolic feedback loops, a possible experimental design could
focus on measuring nutrients in the effluent of the fish tanks. These measurements
would require the addition of a sub-model and accompanying model parameter, e.g.
a time constant related to mixing in the tanks. In summary, focusing on the largest
prediction uncertainties presents the best opportunity for improving the model ac-
curacy.
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FIGURE 5.7: Model prediction uncertainty for total fish excretion rates of N, P and
K in particulate form (left column) and soluble form (right column).

TABLE 5.1: Maximum coefficient of variation (CV) of soluble excretions.

Nutrient CV φj,sol
[%]

C 50
N 57
P 98
K 50
Ca 67
Mg 55
Na 72
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5.4 Conclusions

A semi-physical model for nutrient dynamics was developed, using mass balances
to describe uptake and excretions in particulate and soluble forms. The model
contains only four parameters and describes dynamics at two time scales: hourly
dynamics of excretions and monthly dynamics of growth. These time scales were
used for an all-at-a-time sensitivity analysis, and set-membership calibration of the
model.

The model prediction based on uncertainties of the four model parameters and
two of the initial conditions, explained most of the data variability for fish growth
(84%) and digestive mass (75%). However, the model only explained 28% of the
data variability for ammonia excretions. One possible cause for this mismatch was
the use of closed tanks and starvation in the experimental measurements, which
may disturb the dynamics of ammonia excretion. Therefore, it is suggested to use
common growth conditions when measuring ammonia excretion dynamics in fish
tanks. Additionally, regarding research aimed at understanding extreme conditions
(e.g. for risk assessment), it is suggested to improve the model quality by adding a
term for inhibition of ammonia excretion.

Analysis of the uncertainty propagation on nutrient excretions revealed that P,
Ca and Na in soluble excretions present the largest coefficient of variation. There-
fore, to improve prediction accuracy, future experimental measurements should fo-
cus on these nutrients, using common growth conditions.
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5.5 Appendix

LTI system

The system of differential equations (Eqns. 5.1 - 5.3) can be expressed as a linear
time independent (LTI) system, of the form:

dx
dt

= Ax + Bu (A5.1)

with state variables:

x =

m f sh

mdig

muri

 (A5.2)

and external input:
u = φ f ed (A5.3)

The system matrix is given by:

A =

−kmnt kupt/τdig 0
0 −1/τdig 0
0 (1− kupt − kprt)/τdig −1/τuri

 (A5.4)

and the input matrix is given by:

B =

0
1
0

 (A5.5)

For this notation, a flow rate for maintenance (φmnt) leaving from m f sh is included
but assumed to be close to zero (kmnt ≈ 0):

φmnt = kmnt m f sh (A5.6)

The eigenvalues (λ) of matrix A are real and negative:

λ =
[
−1/τdig −1/τuri −kmnt

]
(A5.7)

which shows that the LTI system is asymptotically stable, and will not show any
oscillatory behaviour. Assuming kmnt = 0, makes the LTI system critically stable.
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Reference model settings

Time step set to ∆t = 15 min, based on the hourly dynamics of excretions, and larger
than the minimum time for fish feeding, as observed by Obirikorang et al. (2017) (i.e.
neglecting dynamics during feeding).

TABLE A5.1: Reference model settings with initial parameter values.

Parameter Value Units

m0, f sh 80 [gDM]
m0,dig 1× 10−6 [gDM]
m0,uri 1× 10−6 [gDM]
τdig 4.5 [hr]
τuri 20.0 [hr]
kupt 0.3 [−]
kprt 0.2 [−]

TABLE A5.2: Feed composition and intra-corporeal balances of nutrients
(j) as percentage of nutrient consumed [min, max].

Nurient Feed Uptake Particulate excretion
xj, f ed k j,upt k j,prt

C 0.40 [0.29, 0.37] [0.13, 0.17]
N 0.05 [0.40, 0.48] [0.05, 0.17]
P 0.01 [0.27, 0.79] [0.27, 0.59]
K 0.01 [0.22, 0.26] [0.02, 0.06]
Ca 0.02 [0.29, 0.45] [0.16, 0.36]
Mg 0.003 [0.19, 0.23] [0.11, 0.27]
Na 0.005 [0.40, 0.60] [0.05, 0.21]

Data reported by Seawright et al. (1998), Schneider et al. (2004), and
Montanhini Neto and Ostrensky (2015).
Soluble percentages calculated by completing the balance:
k j,sol = 1− k j,upt − k j,prt.

Initial mass m0, f sh = 80 g was based on the first set of measurements available
before 100 g which was chosen as a representative mass for the literature data sets
for digestive (100− 300 g) and urinary systems (50− 65 g). Initial masses m0,dig and
m0,uri are small amounts to match the experimental conditions of starvation in the
literature data.

Bounds for time constant τdig were based on the expected first order dynamics
proposed in Wik et al. (2009) and the corresponding literature data in Richter et
al. (2003), Riche et al. (2004), and Gómez-Peñaranda and Clavijo-Restrepo (2012).
Similarly, bounds for time constant τuri were based on the expected (overall) second
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order dynamics proposed in Wik et al. (2009) and the corresponding literature data
in Obirikorang et al. (2015) and Obirikorang et al. (2017).

Bounds for fraction kupt were determined around a kFCR = 1.2[kg f eed kg−1
f sh, f r]

(Timmons and Ebeling, 2010), and a kDMR = 0.31 (Schneider et al., 2004; Montan-
hini Neto and Ostrensky, 2015). Bounds for fraction k f cs were defined based on
observations by Schneider et al. (2004).

Bounds for initial mass m0, f sh were based on the literature data in Allaman et al.
(2013) and Santos et al. (2008). Bounds for initial mass m0,uri were determined from
manual adjustments on model output φTAN,n|t=0 to approximate the corresponding
data bounds, given the reference model settings.

Reference values for the nutrient balance coefficients k j were defined on as the
median of the intervals in Table A5.2. For the Monte Carlo simulations, an uniform
distribution in the intervals was assumed.

Sensitivity analysis settings

The Sobol sensitivity analysis was performed based on the same settings of the ref-
erence model evaluation (Appendix 5.5).

Parameter bounds (Table A5.3) were set around the reference values in Appendix
5.5 and based on ranges reported in the cited literature.

Sampling from the parameter bounds in Table A5.3 was performed using the
Saltelli method, with N = 1200, for a resulting sample size n = N · (2 · np + 2) =

16800.
The sensitivity indexes for each model output were computed for different time

instants, based on the time scales from literature data.

tk,m− f sh = [0, 20, 40, 60, 80] [d]

tk,m−dig = [2, 4, 6, 8, 10] [hr]

tk, f−TAN = [0, 5, 10, 15, 20] [hr]

(A5.8)

The sensitivity indexes computed are defined as:

S1pi = Vpi[Ep∼pi(y|pi)]/V(y)

S2pi,pj = Ep∼pi,pj[Vpi,pj(y|p ∼ pi, pj)]/V(y)− S1pi − S1pj

STpi = Ep∼pi[Vpi(y|p ∼ i)]/V(y)

(A5.9)
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TABLE A5.3: Parameter bounds for the sensitivity analysis

Parameter Bounds (min,max) Units

τdig (2.0, 24.0) [hr]
τuri (6.0, 32.0) [hr]
kupt (0.05, 0.45) [−]
kprt (0.05, 0.45) [−]
m0, f sh (30 · kDMR, 120 · kDMR) [gDM]
m0,uri 0.1, 1.0 [gDM]

Set-membership calibration settings

The calibration algorithm was initialized with iterative Latin hypercube sampling
of grid size ngrd,ini = 500, until an initial vector of feasible parameters θ f ,ini = 50
was obtained.

The estimation algorithm was run with default values, a grid size ngrd = 1000, a
sample size from the approximate FPS per iteration n f ps = 250, and a sample size
from the boundaries of the approximate FPS per iteration nbnd = 125.

Model parameters τdig, τuri, kupt, m0, f sh, and m0,uri, were constrained based on
sensible physical limits ([min],[max]), as follows:

θcnstr = ([0.25, 0.25, 0.01, 10 ∗ kDMR, 0.01], [48.0, 48.0, 0.6, 150 ∗ kDMR, 2.0]) (A5.10)
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Chapter 6

General discussion

Aquaponics provides an opportunity for local, resilient food production, by com-
bining growth of aquatic species and plants. However, this combination requires
balancing the needs of multiple species.

This chapters reflects on the research questions addressed in the thesis, related
to the experiences from system-level analysis and implementation of decoupled
aquaponic systems, and to the experiences in modelling and simulation of aquapon-
ics. Subsequently, it extends the reflection to the more general field of mathematical
modelling of biological production systems, and the socio-economic challenges for
the development of aquaponics and local food production.

6.1 Research questions

This section, reflects on the research questions presented in the General introduc-
tion, referring to the research chapters where they were addressed.

Research question 1.
What are the opportunities, challenges and possible solutions in
closing cycles of water and nutrients in decoupled aquaponic sys-
tems?

Chapters 2 and 3 investigated system-level design and performance of decoupled
aquaponic systems, regarding the use of water and macronutrients when connect-
ing the loops of the recirculating aquaculture system (RAS) and the greenhouse re-
circulating hydroponic system (RHS). Chapter 5 investigated the dynamics and un-
certainties of fish growth and excretions, aimed at reusing macronutrients from fish
water.
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Chapter 2

The model-based study from Chapter 2 showed that it is possible to stabilize ni-
trogen concentration in the RAS loop by using a schedule based on fish feeding
times when sending water from RAS to RHS, as opposed to a constant flow rate
(Fig. 2.2). Further understanding of nutrient concentrations for reuse by plants re-
quires models that describe nutrient dynamics and peaks in RAS, starting from fish
excretions. However, there are large uncertainties in the predictions of nutrient con-
centrations in RAS. One possible approach to account for large uncertainties in ex-
perimental measurements and model predictions is the set-membership approach,
which is covered in Capters 4 and 5.

The model was also used to size a nutrient film technique (NFT) unit in the RHS,
with the objective of minimising fresh water and nitrogen use, and wastewater dis-
charge from RAS. The results showed that it is possible to find an optimum NFT
size that meets these criteria (Fig. 2.3). However, an aquaponic system has multiple
performance indicators, and an optimal design would require the balance of mul-
tiple trade-offs. Furthermore, these indicators have a high location specificity. For
example, water availability in the Netherlands is not a constraint in greenhouse hor-
ticulture, and equipment is affordable and locally developed, but labour is relatively
expensive; in contrast, water availability is very limited in Namibia, and labour is
relatively inexpensive, but technological imports and technical training would be
required (Nederhoff and Stanghellini, 2010; Goddek and Körner, 2019). Therefore,
future research on the design of aquaponic systems should include a comprehensive
quantitative analysis, based on indicators that reflect the trade-offs across RAS and
RHS, and that can be used for either decoupled or coupled system configurations.
The following key performance indicators are suggested:

• RHS productivity [kg m2 yr−1]. Indicator proposed to quantify yearly plant
production against production area. It can be quantified in terms of either
greenhouse area (common indicator in greenhouse horticulture), or total area
(RHS greenhouse + RAS building). Quantifying in terms of greenhouse area
allows for comparison against common or local greenhouse production effi-
ciencies. Quantifying in terms of total area provides a relation to the total
initial investment, reflecting trade-offs when sizing RAS and RHS loops.

• RAS productivity [kg m−3 and kg m−2]. Indicator proposed to quantify yearly
fish production against total fish tank volume (common indicator in aquacul-
ture), and total production area. Quantifying in terms of fish tank volume
allows for comparison against common or local RAS production efficiencies.
Quantifying in terms of total production area, reflects trade-offs related to the
initial investment when sizing RAS and RHS loops.
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• Water use efficiencies [m3 kg−1]. Indicator proposed to quantify total fresh
water use against production of fish and plants. Water use efficiency is a com-
mon indicator in RAS and greenhouse horticulture production. This indicator
reflects water savings accomplished by reusing water from fish for plants, or
vice versa.

• Nutrient use efficiencies [kg kg−1]. Indicator proposed to quantify the use of N
and P in fertilizer against plant yield. This indicator reflects nutrient savings
accomplished by reusing nutrients in the water from fish for plants. These
nutrients are also related to environmental impacts like eutrophication.

• Nutrient discharge [kg yr−1]. Indicator proposed to quantify N and P dis-
charge, macronutrients directly related to environmental impacts like eutroph-
ication. In some places, discharge amounts are regulated. These nutrients are
present in the sludge from RAS, and the water discharge from RAS and RHS.

• Payback period [yr]. Indicator proposed to quantify the economic perfor-
mance of an aquaponic system in terms of the period required to recover the
initial investment, by accounting for regional costs of equipment, imports and
labour. This indicator helps comparing economic performance across different
locations, and assists the design process by adapting it to regional constraints.

Chapter 3

The model-based analysis and management strategy of the test INAPRO system
in Abtshagen, Germany, showed that a decoupled aquaponic system can produce
fish and tomato with fresh water use similar to commercial, independent RAS and
greenhouse horticulture systems, and less than 1/10 of the N fertilizer use (Table
3.4). However, simulated mineral concentrations of NH4, Na, Ca, and Mg reached
or exceeded harmful levels for plants.

Actual tomato production observed in the Abtshagen system was lower than
anticipated. The published model-based results (Reyes Lastiri et al., 2018), and the
results obtained by Suhl et al. (2016), revealed that the low tomato production per-
formance was a combination of the following factors:

The RAS loop only used one settling tank to remove solids. During the design
stage of the system, tests on solids removal revealed that a single settling tank per-
formed similar to the combination of mechanical filtration with a smaller settling
tank (Kloas, 2016). The choice for solids removal was thus motivated by cost ef-
fectiveness in the RAS loop alone, without considering possible impacts on water
quality requirements for the plants. As opposed to common RAS systems, which
use a settling tank detached from the RAS loop to catch concentrated sludge from
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a mechanical filter (Fig. 2.1), the single settling tank in Abtshagen was part of the
RAS loop (Fig. 3.1). This tank required frequent emptying to remove accumulated
solids, as opposed to the feed-based strategy for water exchange proposed in Chap-
ter 2. Furthermore, emptying the settling tank disrupts water quality by resuspen-
sion. Water removed from the settling tank was therefore diluted in nutrients, with
variable and unpredictable concentrations. To prevent wasting the frequent water
discharged from the RAS, a 3-chamber underground storage tank was used.

Lack of aeration in the 3-chamber underground storage tank. The large un-
derground tank was used to accumulate the frequent water discharge from the RAS
loop, and to further separate solids to prevent known damage to plant roots, and de-
creased oxygen levels in water. However, the accumulation of solids at the bottom
of the tank resulted in anaerobic conditions, facilitating denitrification (conversion
of NO−3 to gaseous N2), and thus to loss of N. Continuous aeration of the tank could
have prevented the problem.

Mineral concentrations in fresh water. Fresh water was supplied from local
ground water. Measurements reported by REWA (2017) showed relatively high con-
centrations of Ca, Mg and Na. Predicted concentrations of Ca and Mg from the RAS
loop exceeded stress threshold levels for tomato plants, and predicted Na concen-
tration were close to threshold stress levels. It was concluded that these minerals,
present as conjugate acid-base pairs in e.g. phosphates or carbonates, acted as a pH
buffer, preventing the need to add buffer minerals. However, mineral concentra-
tions resulting from recirculating ground water were not considered when selecting
fish feed. Therefore the presence of nutrients like Na in fish feed, exacerbated excess
levels for tomato plants.

Chapter 5

The study on fish growth and excretions showed that there are large variations in ex-
perimental measurements reported in literature, which lead to large prediction un-
certainties. The calibrated model reproduced most of the variations in fish growth
and mass content of the digestive system. However, it did not reproduce the varia-
tions in ammonia excretion rates (Fig. 5.5).

An assessment of the model prediction uncertainties (Sections 5.4.2 and 5.4.3)
helped identifying the following challenges and possible solutions:

Experimental measurement conditions. Controlled experimental conditions may
result in water quality different from that present during common operation, which
may have an impact on the system being studied. In particular, closed water recir-
culation in fish tanks, leads to the accumulation of ammonia, which in turn has an
effect on subsequent ammonia excretion rates (Randall, 2011). Therefore, for future
experimental research on aquaponic systems, it is suggested to use common growth
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conditions when taking measurements, e.g. fish tanks open to recirculating water,
particularly when self-controlling feedback loops are expected.

Soluble excretions. The largest model prediction uncertainties on macronutri-
ents in the soluble phase (Fig. 5.7). Therefore, towards improved accuracy of model
predictions for macronutrients in recirculating aquacultural water, it is suggested to
focus future experimental measurements on soluble P, Ca, and Na.

Summary of experiences on water and nutrient balances in aquaponics.
Send water from fish to plants based on fish feeding schedules. This water

exchange strategy stabilizes water quality for fish and improves predictability
of nutrient concentrations for plants.

Use mechanical filtration and sedimentation in the fish loop. A sedimen-
tation tank, separate from the fish loop, improves stability of nutrient concen-
trations available for plants.

Aerate water storage. Mismatched sizing of independently optimized fish
and plant loops can be compensated with water storage. In that case, aeration
is required to prevent loss of nitrogen through denitrification.

Select fish feed based on local fresh water quality. Local water may contain
high concentrations of minerals like Na, Ca, and Mg, which are harmful to
plants, and thus limit the total amount of water that can be sent from fish to
plants. Choosing fish feed based on local fresh water concentrations, helps
balancing the needs of fish and plants.

Consider impacts across loops when optimizing them separately. A so-
lution to improve one loop, may lead to problems on the second loop, and
additional costs to solve the new problems.

Research question 2.
What are the challenges and possible solutions in modelling nutri-
ent balances and their uncertainties for aquaponics?

Aquaponic systems have an intrinsic complexity due to the presence of multiple
organisms in multiple water recirculation loops. This complexity results in large
measurement uncertainties in experimental data, which hinder model calibration
and prediction accuracy. Therefore, a modelling approach suitable for large un-
certainties is required. Chapters 2 and 3 presented models for system-level water
and nutrient balances in aquaponic systems. Chapter 4 presented a novel algorithm
to calibrate mathematical models against limited experimental data under measure-
ment uncertainties. Chapter 5 presented a model for nutrient balances in fish growth
and excretions accounting for measurement and prediction uncertainties.
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Chapters 2 and 3

Based on the experiences from system-level modelling and simulation of aquapon-
ics, it is suggested to consider the following challenges and proposed solutions.

Model implementation. The model-based study in Chapter 2 was implemented
in Excel to facilitate communication. However, the time-step was small (15 min),
and the simulation time was large (2-5 yr), which resulted in unstable Excel files.
Therefore, for future research on modelling aquaponic systems, it is suggested to
use simple spreadsheets for steady-state mass balances or an general overview of
system dynamics (e.g. time step of 1 d, for 1 yr simulation), and use programming
languages such as Python or Matlab for the implementation of more detailed dy-
namics.

Modelling expertise. There is high multidisciplinarity involved in aquaponic
systems. Combining knowledge on plant growth, greenhouse climate, fish produc-
tion, mathematical modelling and programming, results in a slow learning curve
that should be considered when performing research that combines modelling and
experimental studies. Furthermore, in systems with large uncertainties, modelling
decisions seem to have an influence on the simulation results (Melsen et al., 2019),
such that the modellers themselves can be considered an additional source of un-
certainty. Even more when considering that doctoral research is part of the scientific
formation of the modeller. Therefore, it is necessary to report carefully all mod-
elling assumptions and decisions, understanding that perfectly reported, universal
modelling decisions, is an ideal aim, not a guaranteed standard.

Complexity. In this thesis, Chapter 2 focused on modelling water and N bal-
ances, and Chapter 3 extended the balances to several macronutrients. This ap-
proach, with a sequential increase in complexity, facilitated the modelling process,
but it adds to the time required in the development of modelling expertise. It is
therefore important to focus on a specific topic (e.g. nurient balances, energy bal-
ances, or water quality control). For future research on nutrient balances, it is sug-
gested to expand the models of macronutrients presented in this thesis, considering
their bioavailability for plant uptake. In particular, modelling the competition that
exists between some ions, such as Na+ inhibition of Ca+ and K+ uptake (Volkmar
et al., 1998). These competition process could be modelled as a combination of ideal
electrical components (resistor, capacitor and inductor), similar to the nerve conduc-
tion model proposed by Mattheij and Molenaar (2002).

Modelling loops. The implementation of numerical methods with a single time
step for the sequential solution of components in multiple loops of aquaponic sys-
tems, may easily lead to oscillations in the model predictions. These oscillations
are purely numerical (Section 3.4.4). In Chapter 3, these numerical oscillations were
tackled using a low-pass filter on the simulation results. However, this approach
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may lead to the removal of physical oscillations in components with fast or multi-
ple dynamics, such as the biofilter in a RAS loop. Therefore, it is suggested to use
individual time steps per component, and to include models for the dynamics of
mixing in tanks, to prevent large numerical oscillations from discrete changes, with
a subsequent analysis of the parameter uncertainty introduced by the mixing terms
in the mass balances.

Chapters 4 and 5

Large uncertainties have been observed in the components of aquaponic systems
(see for example Fig. 5.2). A set-membership algorithm for the calibration of com-
plex models under uncertainty was developed in Chapter 4. The objective of this
set-membership approach was to represent all unknown sources of errors and mea-
surement uncertainties as uncertainty in the model parameters.

The algorithm was used in Chapter 5 for the calibration of a model for fish
growth and macronutrient excretions. The model showed that it is possible to rep-
resent the dynamics of growth and excretions based on simple mass balances. The
model explained most of the variations in experimental data for fish growth and
mass content in the digestive system. However, it did not explain the variations in
experimental TAN excretions (Fig. 5.5).

Based on the experiences from the algorithm development and its implementa-
tion in the modelling process, it is suggested to consider the following challenges
and proposed solutions:

Random sampling. The algorithm was first developed in Chapter 4 using de-
fault random sampling routines in NumPy 1.14 (The SciPy community, 2018a), with-
out specifying the seed. Therefore, multiple runs were required to verify the con-
sistency of simulation results (Table 4.2). The algorithm was further developed in
Chapter 5 for its implementation in the fish model calibration, using sampling rou-
tines from Numpy 1.17, which use a direct specification of the seed for random
number generators (The SciPy community, 2021). A specific seed value facilitates
reproducibility. Notice however that a seed value must still be specified, because
the default value (None) returns unpredictable results.

Multiple outputs and multiple time scales. Using multiple model outputs helps
improving identifiability, and decreasing prediction uncertainty (Sections 5.4.1 and
5.4.2) (Guillaume et al., 2019). However, aquaponic systems often present differ-
ent time scales across model outputs, determined by the feasibility of experimental
measurements. For example, the fish model studied in Chapter 5 has time scales
spanning several months for fish growth, and several hours for mass content in the
digestive system and for TAN excretion rate (Figs. 5.2). Default routines in pro-
gramming languages are often based on the assumption of equal time scales for
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all model outputs. Implementing and simulating multiple model outputs with dif-
ferent time scales and different measurement instants is not trivial. Simultaneous
analysis of all essential time scales, followed by quasi-steady state simulation when
possible, help improving prediction accuracy and should be considered in future
research.

6.2 A framework for modelling growth and nutrient bal-
ances in biological production systems

The experiences gained from the models developed in this thesis can be extended
from the specific field of aquaponics, to propose a general framework for modelling
growth and nutrient balances in biological production systems.

First, it is suggested to construct the mathematical model based on the combina-
tion of the approaches mentioned in the General Introduction (Section 1.3), with the
following characteristics and advantages:

• System dynamics: The model should be based on a systems of differential
equations and supporting algebraic equations. Common solver algorithms,
such as Euler-Forward, can then be applied to solve the system of equations.
It is suggested to use a constant time step within each component, to facilitate
computations between total mass and flow rates under discrete changes.

• Semi-physical: The model structure should follow a grey-box approach, com-
bining prior knowledge in the form of a mathematical models, with experi-
mental measurements. The model should describe simple mass balances, fol-
lowing first principles, but maintaining a system-level perspective oriented to
measurable model outputs (i.e. neglecting underlying physiological processes
at cellular level). Model parameters can then be calibrated against experimen-
tal data. The variables and model parameters should have a physical meaning,
which provides the means to gain further understanding from the model pre-
dictions and their comparison against experimental measurements.

• Simplification: The model structure should be limited to measurable pro-
cesses in common operation conditions. Identify the most relevant model pa-
rameters using a sensitivity analysis. Calibrate only the most relevant model
parameters. Analyse the model prediction uncertainty, and add complexity
only when it can improve prediction accuracy.

• Modularity: The model structure should describe the system components or
process units as sub-models (modules), which are represented by their own
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system of equations. In this way, each module can be solved with their own
time step, accounting for their own (fast or slow) dynamics. The system-level
simulation can then be performed with its own general time step.

• Sequential: The system modules should be solved in sequence (as opposed
to in parallel), interpolating information from preceding modules as inputs,
and providing inputs for subsequent modules. In this way, differences in the
dynamics across modules can be tackled independently, without relying on
computer-defined varying time steps that cannot be easily accessed by the
modeller. Physical loops in the system can be tackled by convergence crite-
ria or, more simply, by means of a system level time step smaller than the
expected recirculation time.

• Deterministic with stochastic elements: The model should predict single tra-
jectories, while accounting for the large variations inherent to biological sys-
tems. It is suggested to express all errors and measurement uncertainties as
parameter uncertainty. This parameter uncertainty can be first expressed in
terms of a feasible parameter set (FPS). Subsequently, and given increasing ex-
perimental information, the parameter uncertainty can be expressed in terms
of a standard error and a probability density function (θp ± σp|pd f ). In this
way, mechanistic single trajectories allow for reproducibility of model results,
while the stochastic parameter uncertainty, with its corresponding model pre-
diction uncertainty, provide a tool to describe variations due to (unknown)
underlying processes (e.g. phenotypical variations between individual organ-
isms).

Once the mathematical model has been constructed, it can be analysed and fur-
ther improved with the following sequence of steps (Fig. 6.1).

1. Model evaluation. Compare the behaviour of model predictions against ex-
perimental data, for as many model outputs as available from experimental
data, using the corresponding time scales. Constrain model parameters to sen-
sible physical values, supported by prior information from literature. Select
unknown or unconstrained parameters for subsequent calibration.

2. All-at-a-time (AAT) sensitivity analysis. Identify the most relevant param-
eters to further simplify the model. Use AAT methods (as opposed to one-
at-a-time, OAT), which are better suited for non-linear models, often used to
describe the complexity of biological production systems.

3. Calibration under uncertainty. Biological models often involve limited data
with large measurement uncertainties. If that is the case, one possible method
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FIGURE 6.1: A proposed framework for modelling biological production
systems under uncertainty.

for model calibration is set-membership. For set-membership calibration, gen-
erate data bounds by combining information from existing measurements,
with the expected behaviour proposed in the model. If sufficient data is avail-
able, statistical methods like least-squares or maximum likelihood estimation
can be used.

4. Evaluate reproduction of data variation. Assess deviations between model
prediction uncertainty and experimental data. Identify possible causes of these
deviations to support further model development. Increase model complexity
only when the introduction of new parameters can improve the reproduction
of experimental uncertainties.

5. Evaluate uncertainty propagation. Analyse the propagation of uncertainty
to other model outputs and other system components. Possible methods are:
a) linear propagation, b) Monte Carlo simulations from parameter standard
deviations and correlation matrices, and c) Monte Carlo simulations from the
feasible parameter set (FPS) identified by set-membership. Identify model
predictions with the largest uncertainties to focus future experimental mea-
surements on those variables.

6. Data assimilation. Use new experimental data to improve the structure of the
model, and recalibrate it.
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For this framework, it is suggested to start from a simple model structure, and in-
troduce complexity only when deemed useful to decrease prediction uncertainty. In
contrast, approaches like model order reduction, start from a complex initial struc-
ture with multiple state variables, and decrease this complexity in subsequent steps
by means of e.g. numerical approximations. Suggested applicability cases for these
two contrasting approaches are:

a) model simplicity for system-level studies aimed at design, management or
control (e.g. yield, resource efficiency),

b) model complexity for detailed understanding of underlying mechanisms (e.g.
spatial transfer in mixing, high frequency dynamics in ion exchange between
water and organisms).

In the context of model prediction uncertainty, the suggested framework can be
understood in terms of the Bayes theorem. Starting from set-membership calibra-
tion for limited data under large measurement uncertainties, every new measure-
ment updates the prior knowledge by possibly decreasing the error bounds. Even-
tually, the number of measurements should support the introduction of statistical
methods in subsequent calibration. For future research, it is suggested to determine
the number of measurements that could be considered sufficient to switch from er-
ror bounds to a statistical description of the measurement errors.

Finally, the suggested sequence of steps can be applied to the context of precision
farming, combining prior knowledge described as a mathematical model, and in-
situ measurements to control the system and update the model, with the objectives
of improved resource efficiency, animal welfare, and quality of life.

6.3 Socio-economic challenges for aquaponics and lo-
cal food production

The global context of food production, fisheries, and their impacts, was presented in
the General Introduction (Section 1.1). Aquaponics was presented as an alternative
local food production method, with potential for improved sustainability, focused
on closing water and nutrient cycles in a single resilient system (Section 1.2). How-
ever, in addition to the technical challenges in closing cycles, the development of
aquaponics faces socio-economic challenges.

The main problem in global food production and trade can be summarized in the
externalization of its impacts, due to a general disconnection between the general
public and the food production sector. With the development of industrial agricul-
ture, people migrated from rural areas to the cities motivated by better opportunities
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for a stable income and quality of life. However, this continued migration led to the
abandonment of rural areas and eventual decrease of basic services in the country-
side, leading to a positive feedback effect that further increased this migration flow.
As a result, the global context of food production involves large inequalities and ex-
ternal impacts which remain out of sight of the consumers and, therefore, unsolved.
These externalities and their limited visibility have been exacerbated by global trade
(Fig. 6.2).

Aquaponics has been identified as a potential solution towards local, sustainable
food production. For example, the EU recommends promoting innovative produc-
tion processes like aquaponics, to ensure sustainability in the future of European
aquaculture (European Union, 2015).

However, aquaponics is an emerging technology. It provides water savings and
high productivity, but it is limited by high knowledge requirements, initial invest-
ments, and high utility costs. As a result, in low-income countries, aquaponics is
mainly motivated by subsistence of the farmers themselves with possible benefits
on dietary diversity. The financial benefits of aquaponics remain low, and the lack of
supporting policies appear to constrain its potential (Poulsen et al., 2015). Similarly,
in the EU there are multiple legal barriers, such as having fish and plant production
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FIGURE 6.2: Summary of the modern development of global food production and its
impacts. Information from Galeano (1971), Sachs (2008), Easterly (2006), Mulder

(2017), and Van Santen et al. (2010). Local food production has long been identified as
necessary yet insufficient. It has concentrated in areas with high productivity to help

solving short-term demand. Most environmental and social impacts take place far
from the consumers, resulting in an increase of negative impacts, which has not yet

solved the identified insufficiencies and inequalities in the access to food.
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regulated by different governmental bodies, and the lack of legal access to farmer
status and its accompanying social benefits due to the small size of ventures (Joly
et al., 2015). These challenges are common to all urban agriculture methods.

In the Netherlands, the development of aquaponics has also been hindered by
the lack of communication between researchers and entrepreneurs, and an envi-
ronment of secrecy and competition among entrepreneurs (Wiegand, 2019). Facing
similar challenges, but aimed at limiting impacts on biodiversity, Clay (2010) argues
that significant changes can be accomplished by targetting large players, instead of
small initiatives or consumers, focusing attention on strategic items with the largest
impacts across the production chain. Therefore, it is important to 1) identify the
main opportunities for the development of strategic components of aquaponic sys-
tems, and 2) establish adequate communication channels for this knowledge.

1) Strategic components. Presently, aquaponic ventures mostly rely on revenue
from plant production. Love et al. (2015), proposed that the reason could be larger
biomass conversion at higher rates for plants than for fish. Additionally, it could
be argued that greenhouse horticulture is a better established and more resilient
technology than RAS. In RAS, perturbations such as disease can easily spread in
the recirculating water and affect all organisms living within, resulting in the loss
of an entire production cycle. Furthermore, as shown in Section 5.4.3, there are
large uncertainties on the nutrients available from fish to fertilize plants (Fig. 5.7).
As a result, engagement of horticultural producers in aquaculture involves larger
risks than the opposite alternative. Therefore, for future research, it is suggested
to perform an economic risk assessment. If risks are indeed more sensitive to the
RAS production, it is suggested to provide incentives for RAS farmers to implement
hydroponics. Such incentives could be supported by the benefits from lower wa-
ter and nutrient discharge (to remain within permissible levels), and the inherent
diversification of revenue streams. Revenue diversification helps preventing risks
associated to e.g. subsidy dependence, which recently impacted inland aquaculture
in the Netherlands (Visserijnieuws, 2014).

2) Communication. It is necessary to continue using open access publications
and open-source software. Additionally, it is necessary and to improve our engage-
ment in science communication with the general public. Currently, higher education
institutions focus scientific output on peer-review publications. Alternatives for sci-
entific output directed to the general public must become an institutional part in the
formation of young researchers. This communication is important for aquaponics
and local food production methods in particular, and for emerging technologies in
general.
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An additional benefit from aquaponics, in the context of urban agriculture, is the
possibility for improved knowledge on the real costs of production. Clay (2010) ar-
gues that consumers can never have perfect knowledge on the real production costs
of their food, particularly in the current global trade context. As a result, large ex-
ternalities only become known when it is too late to implement significant changes
in the production chain. These externalities are simply too far from the consumers
to notice them in their early stages. For example, environmental and antibiotic con-
taminants in farmed salmon (Yeats et al., 2005; Armstrong et al., 2005), water scarcity
exacerbating the poverty trap of farmers in Chile for avocado production and export
to Europe (O’Neill, 2014), cruel horse blood farming in Argentina and Uruguay for
PMSG hormone use in pig farming in Europe (Sagener, 2017). Aquaponics and other
local and urban food production methods can help preventing such negative exter-
nalities, by means of community engagement and a more direct flow of information
between producers and consumers.

It is important to maintain a critical perspective on further developments of
aquaponics. Currently, food production in high-income countries aims for automa-
tion, for example, in the context of precision farming, which bring higher resource-
efficiency and lower hard-labour for an improved quality of life of the farmers.
However, these developments could potentially decrease community engagement
in food production even further, maintaining current externalities and adding new
ones. For example, hi-tech components used in precision farming have high envi-
ronmental costs and, in some cases, very high human costs related to the mining of
materials required, such as coltan (Ayres, 2012; Moran et al., 2015). In a different
example, small European farmers have raised concerns regarding data ownership
of precision farming technologies (WUR, 2019).

Automation in agriculture aims at improving quality of life by replacing human
labour, but its impacts must be kept in sight. And a few extra hands in agricul-
ture wouldn’t hurt. Migration from rural to urban areas was motivated by the lack
of access to basic services, but technological advances in transportation and com-
munications have now facilitated that access. Therefore, at the time of burnouts
challenging the promise for quality of life, some of us could go back to the agricul-
tural sector, whether it be within the calm of a rural setting or within the comfort
of a city, we can all benefit from the opportunity to engage in local food production
"with our own two hands".
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Summary

This thesis presents the development of mathematical models of water and nutri-
ent balances in aquaponic systems, aimed at improving our understanding of this
production method towards an efficient use of resources.

Our current food production systems have large social and environmental im-
pacts, which are commonly externalized in the context of industrial production and
global trade. Aquaponics is an option for sustainable food production that combines
aquatic species (aquaculture) with soilless plants (hydroponics). The main challenge
in aquaponics consists of balancing optimal conditions for multiple species: aquatic
organisms, plants and beneficial micro-organisms. To facilitate achieving this bal-
ance, decoupled aquaponic systems have been proposed, consisting of two separate
recirculating water loops. In this way, the production loop for fish operates indepen-
dently from the production loop for plants, each with their own optimal conditions.
Nutrient-rich water from the fish loop can be supplied to the plants continuously or
at selected times, reducing fertilizer requirements. Similarly, water from the plants
loop can be recovered and supplied to the fish, reducing fresh water demand.

Managing water and nutrient exchange in aquaponic systems requires contin-
uous information about the concentrations of chemical elements (nutrients). Some
nutrients, like nitrogen and phosphorus, are excreted in abundance by fish and can
be used by plants. Other nutrients, like calcium and sodium, are also present in
fish water, but they can easily reach harmful levels for plants. Sensors to continu-
ously monitor these concentrations are costly and thus uncommon in commercial
applications. Therefore, mathematical models combined with available measure-
ments (semi-physical models), are suitable to support management and control of
aquaponic systems.

Mathematical models for aquaculture and hydroponic systems are widely avail-
able in literature. However, they do not describe the dynamics of nutrients. Fur-
thermore, measurements of nutrients in the components of aquaponic systems are
not always available and typically show large uncertainties.
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In this context, further elaborated in Chapter 1 - General introduction, the ob-
jective of this thesis was to investigate the dynamics of water and nutrient balances
in decoupled aquaponic systems and their uncertainties. The research questions
formulated for this purpose aim at identifying the main challenges and opportuni-
ties in closing water and nutrient cycles, and in modelling nutrient balances under
uncertainties. Chapters 2 and 3 present system-level studies. Chapters 4 and 5 fo-
cus on mathematical modelling under uncertainty, applied to biological production
systems.

Chapter 2 presents a model-based study coupling a recirculating aquaculture
system (RAS) for tilapia with a nutrient film technique (NFT) hydroponic system
for tomato. The simulation results show that fish can provide 26% of the nitrogen
requirements for plants. Furthermore, it is shown that variations in nitrate con-
centrations in the fish loop, can be decreased by 35%, using a water management
strategy that sends water from fish to plants based on amounts proportional to the
fish feed.

Chapter 3 presents a model-based study supported by a demonstration aquaponic
system in Abtshagen, Germany. The model helped identifying imbalances in the
system design. It predicted excess concentrations of total suspended solids (TSS)
for fish, and excess sodium, calcium, magnesium, and ammonium for plants. The
model was used to develop an improved management strategy, preventing excess
TSS, sodium, and ammonium, decreasing fertilizer requirements, and achieving
water efficiencies similar to commercial aquaculture and hydroponic systems.

Chapter 4 presents an algorithm proposed for the calibration of mathematical
models applied to biological production systems. The algorithm is based on the set-
membership approach, which is a suitable alternative to statistical methods in the
presence of limited and uncertain experimental data. The algorithm uses Voronoi
tessellation, a novel method that characterises the feasible parameter space with
(hyper)spheres, quantifying deviations from experimental data.

Chapter 5 studied the dynamics and uncertainties fish growth and excretion
of macronutrients. A model was developed and calibrated using the Voronoi set-
membership algorithm. Uncertainty propagation was assessed using Monte Carlo
simulations. The model prediction explained 84% of the literature data variability
for fish growth, 75% for digestive system content, and 28% for ammonia excretion
rate. The uncertainty assessment helped identifying suitable experimental condi-
tions for future research.

Chapter 6 - General discussion, reflects on the research questions, explaining the
limitations identified in each research chapter, and suggestions for future research.
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From a system design perspective, closing water and nutrient cycles requires
a comprehensive quantitative analysis, using indicators that reflect the trade-offs
occurring when trying to balancing optimal conditions between the fish and plant
loops. A list of suggested indicators for future research is provided. From a system
operation perspective, several specific problems and proposed solutions were iden-
tified. Solids should be removed from fish water by combining mechanical filtration
and sedimentation, to better regulate water exchange from fish to plants, and to sta-
bilize nutrient concentrations for plants. Water storage between fish and plant loops
should be aerated to prevent nitrogen loss via denitrification. Fish feed should be
selected based on the mineral concentrations in local fresh water, to prevent excess
of nutrients harmful for plants, which decrease the potential for nutrient reuse.

There is high multidisciplinarity involved in model development of aquaponic
systems. Studies with a gradual increase in complexity are thus suggested. Fu-
ture research on nutrient balances, for example, could consider the chemical form
of nutrients and their bioavailability for fish and plants. Mathematical models of
aquaponic systems and their components should consider simultaneously multiple
variables with multiple time scales.

The discussion is extended to the more general field of modelling biological
production systems, providing a framework for the development of mathematical
models under uncertainty, combining set-membership calibration with uncertainty
propagation assessment, to identify critical variables for future experimental mea-
surements.

Finally, the discussion is brought back to the general socio-economic context. It
is suggested to investigate whether the risks of aquaponics are most sensitive to the
fish production loop. If that is the case, financial incentives for production should
focus on the expansion of existing aquaculture farms to include hydroponic produc-
tion. Furthermore, it is necessary to improve communication between researchers
and producers.
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